
���������	�
����
���������
����



������������ !" #�%$'&#()���+*,��$' #�.-/��01���/�/23�/ #�4��(65#*879���:&;�
-/��0 ()<>=)�/ #�

�@?BADCFEHGJI
K GL?NMLIBOQPL?

RTSHUTVWUYXBZ[S P\?^][INM�?_P Z ]`IBM�M Z K ?BGJEHI Z GLIBM
][I Sba ��O[EdceIBGLMJEdPL?�� U c UeS
K C Z G Sba CFf,P\IBOQPLEHCFO

] Z@g G U ][I�][I�A UYh PLGLI�iBM�M X EdIBO X IBMkjl�6mon X mqp

r ? K U GJPLIBADIBOQPs]`I g ?BO[EdI^At? XuU O[Edv Z I
V ��wx�s�8�
y r 
zn@n[w���
�{swx
|n@
�� r 
"��yz{���


�s{��~}�
��sn,���
y>�	��}��s�
����y��x
zw

��w����^�x��
>�e�F�F�

X© � Z E SHSHUeZ ADIs� U GLGLI_PLPLIe�W�e�F�e�



� ������� �

w�I�AD?BADCFEdGLI K GJ?BMLINOQP\I Z O`I�?NP Z ][I g ?BO[?NG UeS I3][IBM A U O[E K Z[SHU P\I Z GLM K U G UeSdS i S IBM UeX P\EdCFO[O[?NM K U G
X	� f S INM K C Z c U OQP X CFA K CFGJPLIBGT][INMtGJIBMLMJCFGJPLMBm>�	INMt?Nv Z[U P\EdCFO[M ][I3c,E P\INMLMLI CFOQPD?NPL?@][?NGLE cF?BINM I_P
S INM�
 CFG X INM ] U O[M S IBM X	� f S IBM MJCFOQP CFf`PLIBO Z INM g G �eX I UeZ K GJEHO X E K I@] Z P\G U c U E S c8EdGJP Z I S I_P R SHU
K GJC g G U AtA U P\EdCFO v Z U ][G U PLEHv Z IYm|
�O[M Z EdPLIe� Z O`I U O UeS
� MLI^]`?NP U E SHS ?BI�]`I Sba INM K UYX I U PLPLIBE g O U f S I�IBM P
I�� I X P Z ?NIem�� Z EdMLv Z I SHU 
 CeGLADI ][I X INP IBM K UeX I@][? K IBO[]1][IBM UeXBX ? S ?BG U P\EHCeO[M R)Sba I�� I X P\I Z GB��CFO
][CFE P A U EdOQP\IBO U OQP K U G S IBG�] a IBM K UeX It] � O U ADEHv Z Iem � S INMJP ][?BADCFOQP\GJ?tv Z I K C Z G K C Z ceCFEHG�fW?BO[?��
� X EHIBG K S IBEdO[IBADIBOQP�][I�P\C Z M�MLINM�][I g GL?NM�]`I S EHfWIBG P\?e� Z O@AD? XBU O[EdMLADI�][CFE P��NP\GJI RDUYX P\EdCFO[O[INAtINOQP
GLIN][CFO[] U OQPum � S INMJP UeZ MJMLE�][?BADCFOQP\GJ? v Z I Sba INM K UeX I U PLP\INE g O U f S I K I Z P��_P\GJI X CFO[MJEH][?NGL? X CFADAtI
Sla Z O[EdCFO9][IBMtMLC Z M���INM K UYX IBM X CFGJGLIBM K CeO[] U OQP R)X�� UeXNZ O�][INM MLC Z M��~A U O`E K Z[SHU P\I Z GLMTO`CFO�GJIB][CFO��
] U OQPLMt] Z At? XuU O`EHMLADIem1�	IBM�
 GLCFOQPLEHiBGJIBMD][I Sla IBM K UeX I U PLPLIBE g O U f S I MLCFOQPt][I ][I Z�� P � K IBM� S INM
S EdI Z�� ] a ?Bv Z E S EHf`GLIkEdA K S EHv Z U O P Z O O[CFAkf[GLI/]`I X	� f S IBM X CFGLGJIBM K CFO[] U OQP UeZ O[CFA/f[GJI/][IT][I g GL?NM
][I S EHfWIBG P\?�AtCeEHO[M Z O;INP S INM S EdI Z�� ][I MLEdO gFZ[SHU GLE P\?ems��O X CeO[MJP U P\I/v Z I S IBM S EdI Z�� ] a ?Bv Z E S Edf[GLI R
][I Z��DX	� f S IBMz] a Z ODA U O`E K Z[SHU P\I Z G K SHU ODM U O[MzGLINMLMJCFGJP|][? X GLE cFIBOQP Z O[I �!� K IBGJf C S Ie� Z O`I K U G U fWC S I
C Z@Z O[I/][GJCFEdPLIem V EdO UeS IBADIBOQPu� Z O UYSHg CFGJEdP � AtIs][Ik][?_P\INGLADEHO U PLEHCFO U O UYS
� P\Edv Z I ][I Sla IBM K UeX I U P"�
P\INE g O U f S I R CFGLEdIBOQP U P\EHCeO X CFO[MJP U OQP\I ] a Z O�A U O[E K Z[S U PLI Z G K S U O IBM P K GJC K CeML?em
��O�I � INA K S I ][I
][?_P\IBGJAtEdO U PLEHCFO ][I Sba INM K UeX I U PLPLIBE g O U f S I�] a Z O@AD? XBU O[EdMLADI K S U O R MJE �3X#� f S INM
IBMJP�
 C Z GLO[Ebm

� Z E SdS UeZ ADI�� U GLGJINPJP\I w S ?NAtINOQP���CFMJMLI S EHO

E



� �������	��

����
 � �

�������������������! "��#$�&%'�)(!(&(
� Z U O[]+* a ?NP U EHM K SHZ M,*JI Z O[Ie� S IBM GJCFfWCeP\MtAtI 
 U M X EHO U EHIBOQPtINP�*JI�A a EdA Ueg EHO U EdM�
 U EdGLI ][I SHU

GLCef CePLEHv Z I v Z[U O[]	*JI/MJIBG U EHM K SHZ M g G U O[] mdm m�A U EHM-* a ?_P U EdM S CFEHO ][I/A aoU PLP\INO[][GJI R�.uU m��@I/cFCeE S R
A U EHOQP\INO U OQP K SdZ M^C Z AtCeEHO[M g G U O[])INP/* a ?NP Z ][EdI SHU GLCFfWCePLEHv Z I  K SHZ M^][I � I Z�� � K SHZ M�][I f[G U MB�
v Z I ][IBM
?Bv Z U P\EHCeO[M
INP
][INM�A U P\GJE X IBMBm

� U ][? X EdMLEHCeO ] a IBOQPLGLI K GLIBO`][GLI Z O[I|A UYh P\GLEdMLI 
 Z P K C Z G�ADCFE U MJMLI10 
 UeX E S I�v Z U O[]2* a I Z M�P\INGLADEHO[?
ADCFO f UeXBXBUeS UeZ GL? U P43 K Z EHMJv Z I Xea ?NP U EdP�PLC Z *JC Z GJM ceIBGJM S U � O/]`IBM X C Z GJM�v Z I|AtCFO K SdZ M 
 CeGJP EHOQP\?NG �_P
U K[K U G U EdMLM U EdPB�5* a U E GL? UeS EdML?^v Z I/*JI�][INc U EdM UeSHS IBG K SHZ M S CeEHO m

6 aoU E	][CFO X X CFOQP UeX PL? v Z I S v Z IBM K GJC 
 IBMJMLI Z GLMsI_P7* a U E �[O UeS INAtINOQP U f C Z P\E UeZ f Z GJI UeZ ][Ikw S ?��
ADIBOQPu��v Z I8*JI O aoU c U EdM UeS CFGJM)* U A U EHM�GJIBO X CFOQP\GJ?em � K GJiBM SHZ E U ceCFEHG^?NO Z At?NGL?DAtINM^EHOQP\?NG �_P\Mtj SHU
] � O U ADEHv Z IY� S U#g ?NCFAt?_P\GJEHI I_P S IBMTA U P � M p U EHO[MJE�v Z I3AtINM 
 U EHf S IBMJMLINM j Sla EHO�
 CFGLA U P\Edv Z I p ��E S�U
X�� CFEdMLE ][I�AtI 
 U EdGLI X CFO � U O X IsI_P�A a U K GLC K CFML? Z O K GLC9*JI_P|c8G U EHADIBOQPzEHOQP\?NGLINMLM U O P g G �eX I UeZ v Z I S
* a U E K Z AtI^]`? K U MJMLING�I_P�Cef`P\INO[EHG�fWI UeZ`X C Z K ][I�M U P\EHM�
 UeX PLEHCFO K IBGJMLCFO`O[I SdS Iem
�:�; <%=�;>?�@%=A@�!�;>B�;CD�E F(!(&(
6 aoU EHADIBG U EHM�PLC Z P K U G P\E XBZ[S EHiBGJIBADIBOQP�GJIBADIBG X EHING AtCeOD]`EHGLI X PLI Z G�][I
GLI X�� IBG X�� Ie� S I K GJC 
 IBMJMLI Z G

w S ?NAtINOQP��^CFMLMJI S EHO � v Z E`A aoU K GJC K CeML? Z O K GLC5*JINP 
 CeGJP XuU K PLEdc U OQPu� A aoU MLC Z PLIBO Z � O U O X EdiBGLINAtINOQP
INPB�FM Z GJP\C Z Pu� U M Z ADI 
 U EHGJI X�� IBADEHO[ING�] U O`M�ADIBM�GJI X�� ING X�� INM P\C Z P IBOkAtIz][CFO[O U OQP Sla EHA K GJIBMLMJEHCFO
v Z I^P\C Z P\IBM X IBM
fWCFO[O[INM�EH][?NIBMxcFINO U EdIBOQP�][I^AtCeElm 
�O K SHZ Mx] a �NP\GJI S I�ADIBE SHS I Z GzIBO[MJIBE g O U OQP
v Z I
* a U E GLINO X CFOQPLGL?s] Z G U OQP|AtINM�?NP Z ][IBM Z O[EdceIBGJMLEdP U EHGJIBMN� K U G|M U K ?B] Ueg C g EdIe�QMJCFO ][?_cFC Z IBADIBOQP U EdO[MLE
v Z I S U K GJC 
 CFO[]`I Z G�][I^MJIBM X CFO`O U EHMJM U O X IBM
M X EHINOQP\E
�[v Z IBMB� w S ?BADIBOQP�IBM P UeZ MLMJE Z O3][EHGJI X P\I Z G�][I
GLI X�� IBG X�� I�EHO X CFA K U G U f S I K U G MLCeODINO XuU ][GLINAtINO PB� M U ][EHM K CeO[EHf[E S E P\?�INP SHU AtEdMLI R^SHU ][EHM K CeMLEdPLEHCFO
][I�MLINM�?_P Z ]`E U OQP\M
] a Z O A U P\?BGJEHI S EHO�
 CFGLA U P\Edv Z I�PLGLiBM K IBG"
 CeGLA U OQPum��@ING X E I_P�f[G U cFC�G

EHE



��O g GJCFM�ADIBG X E R ADIBM K U GLIBOQPLM^v Z E�A a CFOQP K IBGJAtEdM�] a UeX�� INceIBG�][INM ?_P Z ]`IBM Z O[E cFINGLMLE P U EdGLINM
IBO O aoU	�QU O P K U M R AtI�MLC Z[X EHING�] Z PLCFEdP|INP�] Z X C Z cFINGJP43`AtING X E UeZ MJMLE K C Z G S I Z GzGLI S I X P Z GJI�][I X I
AD?BADCFEHGJIe�`M Z G S I K SHU O ][I S UTSHU O gFZ I^f`EHIBO3INO PLIBO[] Z mx� IBG X E�] a �_P\GJI X I�v Z I ceC Z M��NPLIBM�G

�@IBG X E UeZ MLMLE UYZ�� ADIBA/f`GLIBM�] Z SHU fWCFG U PLCFEHGJI�]`I^GLCFfWCeP\Edv Z I�v Z E	A a CFOQP U EH][?�I_P
v Z E CFOQP
?NPL?
Z O[I X CFA K Ueg O[EdI|PLGLiBM Ueg GL? U f S I|] Z G U O P X IBM�][I Z��DU O[O`?BIBM�][I�A UYh P\GLEdMLIYm�� IBG X E R ��?NAtE,INPz��CeGLEHM
K C Z G S I Z GsMLC Z P\EdIBO�EdO 
 CFGJA U PLEHv Z I�EHO`][EHM K INO[M U f S I  K C Z GsA aoU ceCFEHG
GL? K ?_P\?/A U EdO PLIBM�INPsA U EdOQP\IBM

 CFEdM X CeAtADIBOQP^M Z K[K GJEHADIBG S I�� X�� EdIBG S C X�� ][I m O`INP\M XuU K Ie� X CFADAtINO P U GLG"�NP\ING Z O[I U K`K S E XuU PLEHCFO
v Z E�O[I�GL? K CFO[] U EdP K SHZ MN��I_P X m � IBG X E R �
?BADEs][I#A a U ceCFEHGtIBO X C Z G Ueg ? R Z PLE S EdMLING���
�A UeX M
X CeAtADI/?B]`EdP\I Z G^][ID���\� 
 � K C Z G S U GL?N] UeX P\EHCeO)]`IDADCFO;AD?BADCFEHGJI  �v Z I S K SHU EHMJEHG R Z P\E S EHMJIBG�I_P
v Z I S PLIBA K M gQUeg O[? UeZ fWC Z P ] Z9X CeA K PLIem �@IBG X E R ��CFGJEHM K C Z GTM U K GL?NMLIBO X I U PLPLIBOQP\EdCFO[O[?NI
R P\C Z M S IBM ADIBA/f`GLIBMT] Z SHU f m9� IBG X E R � S E U O K C Z G S U GL?_c8EHMLEdCFO ][I S U ceIBGJMLEHCeO U O gFS U EdMLIt][I
ADCFO U GJPLE XNS I/I_P K C Z G^MLIBM�O[CeA/f[GLI Z�� X CFO[MLINE S MBmT� IBG X E UeZ S C g E X EdI S � U P S U f m/�@IBG X E R3V G U O � �
n,EdAtCFODINPx� � EHINGLG � K C Z G S IBMzv Z I S v Z IBM�ADEH][EdM R *JC Z ING UeZ MLC XBX INGx] Z G U OQP S I�][INGLO[EdIBG�?_P\?�]`IsA U
A UYh PLGLEHMJIem��@IBG X E R ��CeGLEHMN�Q}�EHO X IBOQPB�[��INGLO U GJ] I_P r EdAtE P\IBG K C Z G�P\C Z P\INM�O[CFM � I Z GLINMx][I�f[GLEd] g Iem

�@IBG X E R r IBO`EHM � U O X C Z GJP INP �@I � IBG3{ U � CFO K C Z G S I Z G X CFGLGJI X PLEHCFO U PLPLIBOQP\E cFI�]`I#AtCeO
][? K�� P�EdO[EdPLE UeS INP K C Z G S I Z GJM X CFADAtINO P U EHGJIBM X CFO[M P\G Z`X P\E 
 MBm

6 ItPLEHIBO`M UeZ MLMLE R GLIBADIBG X EdIBG K U GLINOQP\MkI_P U AtEdM v Z E�CFOQP I Z S I X C Z G Ueg IDINP S U K U PLEHIBO X ID][I
A a ? X C Z PLIBG S I Z G�G UeX CFOQP\ING�ADCFO K GLC9*JI_PsI_P�MLIBM U c U O X INAtINO PLMBm
� IBG X E R P\C Z M X I Z�� v Z E U c U EHINOQP
K SdZ M � � PLITv Z I AtCFE ][I/ceCFEHG SHU � O;][I X INPLPLI A UYh P\GJEHMLI INP�v Z E�A a CFOQP^EHO X EdPL? R P\INGLADEHO[INGs] U O[M
Z O ][? SHU E G U EHMJCFO[O U f S I^IBO ADI^][IBA U O[] U O P Z O O[CFAkf[GLI�EHO XuUeSdXBZ[SHU f S I�][I 
 CFEHM�] Z G U OQP S INM
][I Z��
][INGLO[EdiBGLINM
MLIBMJMLEdCFO[M
MLE=* a U c U EHM�IBO�� O PLIBGJAtEdO[? 3 *JI GJ? K CFO[] U EHM�PLC Z *JC Z GJM
v Z a E S O[I�AtI 
 UeSHSHU EdP K SHZ M
v Z a Z O[I UeZ P\GJI K I_P\EdPLI^MLINA U EdO[I U � O3][I K I UeZ � O[IBG�ADCFO At?NAtCeEHGLI R ADCFO g C	�,Pum

 C
������
,��A@#7C, �A@�!�;C�A@�)(&(!(

V EHO UeS INAtINO PB�&*JI�P\EHINO[M R A a I �,XBZ MLIBG K C Z G P\C Z P S I K U K EHING	v Z I@* a U E Z PLE S EHML? K C Z G S U GL? UeS EdM U PLEHCFO
][I X I�AD?BADCFEdGLIem 6 a U E 
 U E P�][IBM�I�� CFG P\M�v Z CePLEH][EdIBO[M K C Z G�AtEdO[EHADEHMJIBG AtCFO Z PLE S EHM U P\EHCeO ] Z K U K EHIBG
INPF* aoU EdAtING U EdM�P U OQPxv Z I�PLC Z MxINO 
 U MJMLIBOQP UeZ P U OQPum 6 I X GLCeEHM�v Z I S U v Z UeS EdPL?�][I Sla U ceIBO[EdG�][? K INO[]
][INM g INMJPLIBM
] Z K GL?NMLIBOQPB�WA �BADI U O[C8][EdO[MBm

����������������� �"!$#&%(')�(*+#,� �����-�.'/�(�102%3#2�1465��7�-��%98:02�;��<=!>��?$�>� �.46��*�*@�
')�A�102%B'/��%�4C���1'D#&�E�7%�F

EHEHE



� ������� ��� � � ���
	��<�
� �

��
�������
 �
���������! #"�$&%'"(% � �)�
* �,+.-0/213/ �4� ��� �)5 $6/ � � �
78�9� ��/213/ �;:.<�� $6/ � � �)�
= ���>$6%?1 �.@ � � %A� B
B CD%�� � %A� � 13/2+�� � /E/F�G��%��>��� � %A� � � � - �)�!
 / H

I m I ��?NO[?BG UeS E P\?NM m m m m m m m m m m m m m�m m m m m m m m m m m m m m m m m m m m J
I mo� n � MJPLiBADI K S U O6j d = 3

p m m m m m m m m�m m m m m m m m m m m�m m m m m m m m m K
I mLJ n � MJPLiBADI M K U PLE UeS j d = 6

p^m m m m m m m�m m m m m m m m m m m�m m m m m m m m m M
I mON r ?��[O[EdPLEHCFO[Mtm m m m m m m m m m m m m m�m m m m m m m m m m m m m m m m m m m m P

Q R � � 
�� ��� �)S�� /T1 �U�WV3� � 5X� / Y
�,m I r ?BGJEdc U PLEHCFO ][INM
?Bv Z U PLEHCFO[M
][I^c8EdPLIBMJMLI m m m m m m m m m m m m m m m m m m m m Z
�,mo� n � MJPLiBADI K S U O (d = 3)

m m m m m m m m�m m m m m m m m m m m�m m m m m m m m m I �
�,mLJ n � MJPLiBADI M K U PLE UeS (d = 6)

m m m m m m m�m m m m m m m m m m m�m m m m m m m m m I[I
H \ V ��� �]�9S^� /T1 �U�WV?� � 5�� / B Q

J`m I r ?BGJEdc U PLEHCFO ][INM
?Bv Z U PLEHCFO[M
][I 
 CFG X I m�m m m m m m m m m m m m m m m m m m m m I �
J`mo� V CFG X IBM�] U O`M S IBM X	� f S INMTm m m m m m m m�m m m m m m m m m m m m m m m m m m m m I K

_ ` � "�� @ /2���!�>/ �)< �3�,+a-0/ Q�b
N[m I r IBM X GJE K PLEHCFO g ?NO[?BG UeS I^][I Sba INM K UeX I U PLPLIBE g O U f S Ism m m m m m m m m m m m m m m m �e�

E c



N[mo� r IBM X GJE K PLEHCFO3][?_P U E SHS ?NI�][I Sla IBM K UeX I U PLP\INE g O U f S I m m m m m m m m m m m m m m m � I
N`mq�,m I 
�M K UYX I U PLPLIBE g O U f S I�] a Z O@A U O[E K Z[SHU P\I Z G K SHU O"m m m m m m m m m m m m m �F�
N`mq�,mo� 
�M K UYX I U PLPLIBE g O U f S I�] a Z O@A U O[E K Z[SHU P\I Z G�M K U P\E UeS m m m m m m m m m m m �[K
N`mq�,mLJ 
�M K UYX I U PLPLIBE g O U f S I�] a Z O@A U O[E K Z[SHU P\I Z G R d ]`I g GJ?BM
][I S Edf INGJP\?�m m m m �[P

N[mLJ V GLCFOQP\EdiBGJIBM�][I Sla IBM K UeX I U PLP\INE g O U f S I m�m m m m m m m m m m m m m m m m m m m m �[P
N`m J`m I y�v Z E S EHf[GJI R ][I Z�� X#� f S IBM
] a Z O@A U O[E K Z[SHU P\I Z G K SHU O m m m m m m m m m m � Z

N[mLJ`m I m I y�v Z E S EHf[GJI R ][I Z�� X	� f S IBM
] a Z O At? XuU O[EdMLADI�M U O[M�GJIBMJMLCFG P/j
n = k

p � �
N[mLJ`m I mo� y�v Z E S EHf[GJI R ][I Z�� X	� f S IBM
] a Z O At? XuU O[EdMLADI U cFI X GJIBMLMJCFGJP/j

n > k
p JQ�

N`m J`mo� y�v Z E S EHf[GJI RTX EHO`v X	� f S IBM�] a Z O@A U O[E K Z`S U PLI Z G|M K U PLE UeS m m m m m m m m m J[J
N`m J`mLJ n,EdO gFZ[SHU GLE P\?BM4m m m m m m m m m m�m m m m m m m m m m m m m m m m m m m m J N

� \ 
 ��/�$ �]� �3��� � %�� ���3��- V � �9S^� /�1�/ ��� $6%��A� �)5 $6/ � 1�/ -�� / � ".� @ /]�����>/ �0< ���,+.-0/��
%'$ � /����>��� � %A� @ %A� � �>���A�>/21	� � � ��
�@ ��� �9�!� /D".-0��� � @ � � %A�.� 
 "��,$ @�
 +a-0/ � H
�
K,m I r IBM X GJE K PLEHCFO g ?NO[?BG UeS I^][I SHU AD?NP � C8][I m m m m m m m m m m m m m m m m m m m m JFP
K,mo� r IBM X GJE K PLEHCFO3][?_P U E SHS ?NI�][I Sla UeSdg CFGLE P � ADI m m m m m m m m m m m m m m m m m m m m JFP

K8mq�,m I w�GL? U P\EdCFO3][IBM
v Z U ]`G U PLEHv Z IBM m m�m m m m m m m m m m m m m m m m m m m m JFP
K8mq�,mo� r E c,EdMLEdCFO ][IBM
v Z U ]`G U PLEHv Z IBM�IBO MLI X PLEHCFO[M+m m m m m m m m m m m m m m m m NQ�
K8mq�,mLJ } UeS EH] U PLEHCFOt][IBM�MLI X PLEHCFO[M m m m m�m m m m m m m m m m m m m m m m m m m m NFJ

K,mo�,mLJ`m I } UeS EH] U P\EHCeO ][INM�MJI X PLEHCFO`M�] a ?Nv Z E S Edf[GLI R ]`I Z�� X#� f S INM9m m m m m m m N[N
K,mo�,mLJ`mo� } UeS EH] U P\EHCeO ][INM�MJI X PLEHCFO`M�]`I MJEHO geZ[S U GJEdPL?%m m m m m m m m m m m m m N K

K,mLJ r ?NPLIBGJAtEdO U P\EdCFO ][I Sba INM K UeX I U PLP\INE g O U f S I�] a Z O�AD? XBU O[EHMJAtI K S U O R MLE �3X	� f S INM K[K
R %A� @ - �.�!� %A� � b
�;� +a- � % < $6�,"�� � / �'H
� 7 � / ��� 1	� 
�S���� - � +.$6/�� 13/ ��� @�
 +.-)/ � ��%'$ � /X�A�>��� � %A� @ %A� � �>�����>/ 1�� � �

��
�@ ��� �9��� /D".-)�,� � �

�km I �@? XBU O[EdMLADI K S U O3M U O[M
GLINMLMLCeGJP"m m m m�m m m m m m m m m m m m m m m m m m m m M[M
� m I m I y�v Z U P\EdCFO3][IBM S EHI Z�� ] a ?Bv Z E S EHf`GLI^MLC Z M
M U 
 CFGLADI g ?NO[?BG UeS I m m m m m m m M[M
� m I mq� �@?_P � C8][I�][I�GL?NMLC SdZ P\EdCFO m m m m�m m m m m m m m m m m m m m m m m m m m MFP

�kmo�'�@? XBU O[EdMLADI K S U O U cFI X GJIBMJMLCFG P�m m m m�m m m m m m m m m m m m m m m m m m m m M[Z
� mq�8m I y�v Z U P\EdCFO3][IBM S EHI Z�� ] a ?Bv Z E S EHf`GLI^MLC Z M
M U 
 CFGLADI g ?NO[?BG UeS I m m m m m m m M[Z
� mq�8mq� �@?_P � C8][I�][I�GL?NMLC SdZ P\EdCFO m m m m�m m m m m m m m m m m m m m m m m m m m Pe�

� CD��� � $6/ S�� �,1�$6��� �)S�� /�13/ � - � / ��� 1�� 
�S���� - � +.$6/�� 1�/ ��� @�
 +.-)/ � � %'$ � /����>�X� � %A�
@ %A� � �������>/E1	� � � � 
X@ �,� �)��� /
"a-0��� � Q

c



�sm I w�CFO[MJEH][?NG U PLEHCFO[M g ?BO[?NG UeS IBM m m m m m m�m m m m m m m m m m m m m m m m m m m m PF�
�smo� y�v Z E S Edf[GLIsMJP U P\EHv Z I m m m m m m m m m m�m m m m m m m m m m m m m m m m m m m m P[K
�smLJ y�v Z E S Edf[GLIs] � O U ADEHv Z I^v Z I SdX CFO`v Z Itm m�m m m m m m m m m m m m m m m m m m m m ZF�

��m J`m I � XBX ? S ?BG U P\EHCeO S EHO[? U EHGJIs][I Sba I�� I X P\I Z G9m m m m m m m m m m m m m m m m m m ZF�
��m J`mo� � XBX ? S ?BG U P\EHCeO U O gFZ[SHU EHGJIs][I Sla I�� I X P\I Z G6m m m m m m m m m m m m m m m m m Z I

R 7 � / ��� 13/ ��� � <A� -)��$ � � 
 � %'$ � /X�A�>��� � %A� @ %A� � �>������/E1�� � � ��
�@ ��� �9��� /D".-)�,� Y'H
\ �?%A$ � /D/ � "a- �)@F� �>/
1	� � �3/ S�� ��13$&�X� �9S^� / Y �

r m I �	IBM
v Z U P\GJI 
 CFGLADIBM�I � K S E X EdPLIBM'm m m m�m m m m m m m m m m m m m m m m m m m m Z[Z
r mo� ��][IBOQPLE
� XBU P\EdCFO3INP XuUYSHXBZ`S ][I X�� UeXBZ O[I ]`IBM 
 CFGLADIBM

I � K S E X E P\INM�m m m m m m m m m m m m m m m�m m m m m m m m m m m m m m m m m m m m Z �
` R -)� �!���0:a@ ��� � %A� 13/ �GS�� ��13$6��� �)S�� / � � Q


�m I
η = 5 → y = ax+ b±

√
cx2 + dx+ e

m m m m m m m m�m m m m m m m m m � J

�m I m I

c < 0
m m m m�m m m m m m m m m m�m m m m m m m m m m m�m m m m m m m m m � N


�m I mo�
c = 0

m m m m�m m m m m m m m m m�m m m m m m m m m m m�m m m m m m m m m � N

�m I mLJ

c > 0
m m m m�m m m m m m m m m m�m m m m m m m m m m m�m m m m m m m m m � K


�mq�
η = 4 → y = ax+ b + c

x+d

m m m�m m m m m m m m m m m m m m m m m m m m � M

�m J

η = 3 → y = ax2 + bx + c
m m m�m m m m m m m m m m m�m m m m m m m m m � M


�mLN
η = 1 → x = a

m m m m m m m m m�m m m m m m m m m m m�m m m m m m m m m � M
� = �A�>/ $ � / @ � � %A��� ��� /����>$6/E13/ ��� S�� ��13$&�X� �9S^� / � � �

� 7 � / ��� 1	� 
XS^�.� - � +�$&/ � @F� � S @�
 +a-0/ � �4%'$ � /X�A�>��� � %A� @ %A� � �>���A�>/ 1	� � � � 
X@ �,� �)��� /
� "���� � ��- B b H
� m I �@?NP � C8][I�][I�GL?BMJC SHZ P\EHCeO m m m m m m m�m m m m m m m m m m m m m m m m m m m m I � N
� mo� y�v Z[U P\EdCFO3][IBM S EdI Z�� ] a ?Bv Z E S EHf[GJI RTX EHO`v X	� f S INM�MJC Z M�M U 
 CFGJAtI g ?NO[?BG UeS I m m m I � N

c8E



� 	 � �
� ��� � ��� � �
� �

I m I �sG X�� EdPLI X P Z GLI�M K U P\E UeS Isv Z I SHX CFO[v Z I K C Z G S U v Z I SHS I n = 5
INP
k = 4

m+m m m m m N
I mo� {�CeP U P\EdCFO K C Z G S U/S E U EdMLCFO i ] a Z O AD? XuU O[EHMJAtI K SHU O m m m m m m m m m m m m m m K
I mLJ {�CeP U P\EdCFO K C Z G S U/S E U EdMLCFO i ] a Z O AD? XuU O[EHMJAtI^M K U P\E UeS m^m m m m m m m m m m m m M
J`m I � U O[E K Z[SHU P\I Z G K SHU O R MJE �3X#� f S IBMBm m m�m m m m m m m m m m m m m m m m m m m m I M
J`mo� � G U *JI X P\CFEdGLI I  �EdOQP\?BGJEHI Z G�][I Sla IBM K UeX I U PJP\INE g O U f S IYm|m m m m m m m m m m m m m m I Z
J`mLJ V CFG X IBM�] U O`M S IBM UeX P\EHCeO[O[I Z GLM# �PLG U *JI X P\CeEHGLI I mWm m m m m m m m m m m m m m m m m I Z
J`mON � G U *JI X P\CFEdGLI �� �I � P\?BGJEHI Z G
][I Sla IBM K UeX I U PLPLIBE g O U f S IemQm m m m m m m m m m m m m m I �
J`m K V CFG X IBM�] U O`M S IBM UeX P\EHCeO[O[I Z GLM# �PLG U *JI X P\CeEHGLI �8mWm m m m m m m m m m m m m m m m m I �
N[m I � � G U ADEH][I 
 CFGJAt?NI K U G�PLGLCFEdM�][IBM�cFI X PLI Z GJMs][EdGLI X P\I Z GLMNm�m m m m m m m m m m m m �F�
N[mo� r EHM K CeMLEdPLEHCFO O[CFO K C S � c UYS IBOQPLI^][IBM
MLE � cFI X PLI Z GJMs][EdGLI X P\I Z GLMNm)m m m m m m m m m �[K
N[mLJ � U G U AD?NP\GJEHM U P\EdCFO S EdO[? U EHGLI�][I Sla ?Bv Z E S EHf`GLI R ][I Z�� X	� f S IBMNm m m m m m m m m m m m � �
N[mON �	EHI Z�� ] a ?Bv Z E S EHf`GLI R ][I Z�� X	� f S IBMNm:m m�m m m m m m m m m m m m m m m m m m m m JF�
N[m K � GJCFEHM �!� K IBGLfWC S IBM
] a ?Bv Z E S EHf[GJI R ][I Z�� X	� f S IBMNm�m m m m m m m m m m m m m m m m J I
N[mLM �	EHI Z�� ][I�MLEdO gFZ[SHU GLE P\?�] a Z O AD? XuU O[EHMJAtI K S U O R P\GJCFEHM X#� f S INMBm[m m m m m m m m m JFK
N[m P �	IBM
v Z U P\GJI X C Z GJf INM
v Z[U ][G U P\EHv Z INM�] a Z O AD? XuU O[EHMJAtI K S U O R P\GJCFEHM X#� f S INMBm,m m JFK

c8EHE



K,m I w U M
C��3][I Z�� ][IBM�cFI X PLI Z GJMs][EdGLI X P\I Z GLM
MLCeO P X C S EHO`? U EdGLIBMNm m m m m m m m m m m m N �
K,mo� � S U O3O[CFGJA UYS R

n3

m�m m m m m m m m m m�m m m m m m m m m m m m m m m m m m m m K I
K,mLJ r I Z�� ][IBM
v Z U PLGLI X CFA K CFM U OQPLIBM
] Z cFI X P\I Z G�]`EHGLI X PLEHCFO d

m m m m m m m m m m m K J
K,mON � S U O3O[CFGJA UYS R

n1

m�m m m m m m m m m m�m m m m m m m m m m m m m m m m m m m m K N
K,m K V GLCFOQP\EdiBGJIBM K CeP\INO PLEHI SHS INMx][I Sla IBM K UeX I U PLP\INE g O U f S IYm m m m m m m m m m m m m m m K[K
K,mLM V GLCFOQP\EdiBGJIBM K CeP\INO PLEHI SHS INM K C Z G S INM X	� f S IBM 1

�
3
I_P

5
mWm m m m m�m m m m m m m m m K M

K,m P n,C Z M ��INM K UeX I ]`IBM X	� f S IBM 1
�
3
I_P

5
mtm m�m m m m m m m m m m m�m m m m m m m m m K M

K,mLZ 
�M K UeX I U PLP\INE g O U f S I�� φ = 0◦
�[?Bv Z E S Edf[GLI^M P U PLEHv Z I��bm/m m m m m m m m m m m m m m K[P

K,m � 
�M K UeX I U PLP\INE g O U f S I�� φ = −15◦, ẍ = 2m/s2, ÿ = −12m/s2
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R�SHU f U MJIe��P U O`][EHM v Z I S I K CFEdO P Vi

IBMJP/][?�� O`E K U G S I ceI X PLI Z G vi
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 U . CFO6][CFOQP SbaoUYX P\EdCFO[O[INAtINOQP MJIBG U I�� I X P Z ?tIBO
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kg
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ADiNP\GJI XuU GJGL?tj
kg ·m2

p_� {�I���PLCFO j
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M � A/fWC S I�MLIBG U U MLMLC X Ed? * Z MLv Z a R
S U P\C Z P\I � O RDSla IBOQP\E P\?�v Z a E S ][?BMJE g O`Iem � U GsI � INA K S Ie� d � n INP k ][?NMLE g O[IBGJCFOQP�GLINM K I X P\EdceIBADIBOQP
S I;O`CFA/f[GJI)]`I)]`I g GJ?BM ][I S EHfWIBG P\?Y� S I)O`CFA/f[GJI;][I S E U EdMLCFO`M INP S I;O[CFA/f[GJI ][I X	� f S IBM3] a Z O
AD? XuU O[EHMJAtIYm

C)D�� ��� P O���� 	�
 L K)H �
d = 3 


� C Z G Z OTM � M P\iNAtI K SHU O3j � gFZ GJI I mo�Fp_� SbaoU � I Y ] Z GLI K iNGLI � � I�INMJP X CFO[MJEH][?NGL?xcFINGJPLE XuUYS j K U G UYSHS i S I
UeZ3X�� U A K g G U c8EdP U P\EdCFO[O[I S pzI_P S U O[CeP U P\EdCFO M Z Edc U OQP\I�IBM P Z P\E S EHMJ?BI  

pi :
cFI X PLI Z G K CFMJEdPLEHCFO ] Z K CFEHOQP Pi

j X CeA K CFM U O PLIBM ai

INP
bi
] U O[M S I^GJI K iBGLI � � Iup

vi :
cFI X PLI Z G K CFMJEdPLEHCFO ] Z K CFEHOQP Vi
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CFO3][?_cFI S C K[K I  

ρi = ‖ ( c + Qvi − pi ) ‖ ,

ρ2
i = ( c + Qvi − pi )

T ( c + Qvi − pi ) ,

ρ2
i = cTc + 2cTQvi − 2cTpi + (Qvi)

TQvi − 2pT
i Qvi + pT

i pi ,

ρ2
i = cTc + 2cTQvi − 2cTpi + vT

i vi − 2pT
i Qvi + pT

i pi .
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ρiρ̇i = cT ċ + (Qvi)
T ċ + cT Q̇vi − pT

i ċ − pT
i Q̇vi ,

jl�8mq�Fp
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ρ̇i

IBM P S I�P UeZ�� ][I^c U GLE U P\EHCeO ][I S U/S CFO gFZ I Z G�][I S U/S E U EdMLCFO
i
m

� a ?Nv Z[U P\EdCFO)jl�,mo�Fp|GJI K GJ?BMJIBOQP\I Z O3M � MJPLiBADI R n ?Bv Z U PLEHCFO`Mxv Z E K I Z P��_P\GLI^I � K GLEdAt?�MJC Z M SHU
 CFGJAtI^A U P\GJE X EHI SdS I
M Z Edc U OQP\I  
A ρ̇ = Bt ,

jb�,m JFp
C��

ρ̇
INMJP S I ceI X P\I Z G^][IBMsc8E P\IBMJMLINM U GJPLE XNZ[S U EdGLINMB�

t
INMJP S I�cFI X P\I Z G^][IBM�c,E P\INMLMLINM�][I Sla I�� I X PLI Z GN�

X CeA K GJIBO U O P S INMzPLG U O`M S U P\EHCeO[M�INP S IBMzGLCeP U P\EdCFO[MN�8I_P�C � A
I_P

B
MJCFOQP S IBMzA U PLGLE X IBM;* UeX CFf[EHINO[O[INM

] Z M � MJPLiBADIem���O U

ρ̇ =
[

ρ̇1 ρ̇2 . . . ρ̇n

]T

,
jl�8mLN p

A =

























ρ1 0 0 0

0 ρ2 0m m m

0 ρn−1 0

0 0 0 ρn

























n×n

=





Aa 0

0 Ar



 ,
jl�8m KFp

(

Aa

)

k×k
=
][E Ueg

[ ρ1 . . . ρk ] ,
(

Ar

)

(n−k)× (n−k)
=
][E Ueg

[ ρk+1 . . . ρn ] ,

B =

























bT
1

bT
2mmm

bT
n−1

bT
n

























n× d

=







(

Ba

)

k× d
(

Br

)

(n−k)× d





 ,
jl�8m MQp

C��
d
IBM P S I�O`CFA/f[GJI�]`Is][I g GL?NM|][I S Edf INGJP\?�] Z A U O[E K Z[S U PLI Z G�I_P�C � S IBMzEHO[][E X INM a I_P r GJ?�
 iNGLIBOQPGLINM K I X P\EdceIBADIBOQP UeZ����������	��
�
�
������ I_P UYZ�����
������������ m
�	IBMzG U O g ?BIBM

bT
][I SHU A U PLGLE X I

B
INP S IxceI X PLI Z G

t
?NP U O Pz][E � ?NGLINO PLM K C Z G Z OtM � M P\iNAtI K S U O

INP Z O M � M P\iBADI�M K U P\E UYS � X I Z�� � X E�MLCFOQP�][?�� O[EHM UeZ�� ][I Z�� MLI X P\EdCFO[M
M Z E c U OQP\IBMNm



I �

� D�� ��� P O���� 	�
 L K)H
(d = 3)

r U O`M Z O@INM K UeX I R ][I Z�� ][EdAtINO[MLEdCFO[MB� S U A U P\GJE X Is][I�GLCeP U P\EdCFO IBM P

Q =





cosφ − sin φ

sinφ cosφ





jl�8m PFp

INP�M U ][?NGLE cF?BI K U G�G U K[K CFG P UeZ PLIBA K M

Q̇ = EQ φ̇
jl�8m ZQp

U cFI X

E =





0 −1

1 0



 .

� a ?Nv Z U P\EdCFO6jl�,mo�Fp�][I_c8EHIBOQP�][CFO X  

ρiρ̇i = cT ċ + (Qvi)
T ċ + cTEQviφ̇− pT

i ċ − pT
i EQviφ̇ ,

ρiρ̇i = (c + Qvi − pi)
T ċ + (c− pi)

TEQviφ̇ .
jl�8m � p

� U G U O g ?BI
bT

i

][I S U A U P\GJE X I
B
I_P S I�cFI X PLI Z G

t
]`I jb�,mLJQp�MLCFOQP S INM�M Z E c U OQP\M# 

bT
i 1× 3 =

[

(

c + Qvi − pi

)T (

(c − pi)
T EQvi

)

]

,
jl�,m I �Qp

t 3× 1 =
[

ẋ ẏ φ̇
]T

.
jl�,m I[I p



I[I
� D�� ��� P O���� 	 P�
 K O:M�K6L

(d = 6)

r U O`M Z O IBM K UeX I R PLGLCFEdM ]`EHADIBO[MJEHCFO[MN� S U A U PLGLE X ID][I GLCeP U P\EdCFO Q
INMJP Z O[I A U P\GLE X I

3 × 3CFG P � C g CFO UeS Iem 
 SHS I K I Z P��NPLGLI X CFO[M P\EdP Z ?BI R K U G P\EdG ][INMkEdO c U GJE U OQPLM O U P Z GJI S M ][I SHU GJCeP U PLEHCFO
v Z a I SHS I�GJI K GJ?BMJIBOQP\I^C Z R K U G P\EdG|][INM|PLGLCFEdM U O gFS INM�] a 
 Z[S INGBm�n U ][?BGJEdcF?NI K U GzG U K[K CeGJP UeZ P\INA K M
IBM P

Q̇ = ΩQ
jl�8m I �ep

U cFI X
ceI X P

(Ω) = ω

C��
ω
INMJP S I�cFI X P\I Z G ][IBM P\GLCeEHM X CeA K CFM U O PLIBM K GJEHO X E K UeS IBM	][I S U c8EdPLIBMJMLI U O gFZ[SHU EHGJI ][I Sla I�� I X P\I Z G

K U G�G U K[K CFGJP UYZ�� P\GJCFEHM U � INM
GLIBM K I X PLE

 M�] Z GLI K iBGJI ]`I f U MLIYm
� a ?Nv Z U P\EdCFO6jl�,mo�Fp�][I_c8EHIBOQP�][CFO X  

ρiρ̇i = cT ċ + (Qvi)
T ċ + cT (ω × Qvi) − pT

i ċ − pT
i (ω × Qvi),

ρiρ̇i = ( c + Qvi − pi )
T ċ +

(

Qvi × (c − pi)
)T

ω.
jl�,m I JQp

� U G U O g ?BI
bT

i

][I S U A U P\GJE X I
B
I_P S I�cFI X PLI Z G

t
]`I jb�,mLJQp�MLCFOQP S INM�M Z E c U OQP\M# 

bT
i 1× 6 =

[

(

c + Qvi − pi

)T (

Qvi × (c − pi)
)T

]

,
jl�,m I N p

t 6× 1 =
[

ċ T ω T
]T

=
[

ẋ ẏ ż ωx ωy ωz

]T

.
jl�,m I KFp
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n,I S CFO S I K GLEHO X E K I^] Z P\G U c U E S c8EHG P Z I S �[CeO K I Z P�? X GJEHGLI

−fT δρ = eT δx
j9J,m I p

U cFI X
fT =

[

f1 f2 . . . fn

]

I �



I J

C��
fi

INMJP S U P\IBO`MLEHCeO ] U O`M S U S E U EHMJCFO
i
I_P/C��

ρ
INP

x
MLCFOQPkGLIBM K I X PLEdcFINAtINOQP S I cFI X P\I Z G/]`IBM

S CeO gFZ I Z GLM ]`IBM X	� f S IBM�I_P S I�ceI X P\I Z Gz]`IBM X C8CFGL]`CFO[O[?NIBM XuU GJP\?NMLEdIBO[O[INM�j K CFMLE P\EHCeO/INP�CFGJEHINO P U P\EdCFO p
][I Sla I�� I X P\I Z GBm

r U O[M S I XBU M K S U O �

eT =
[

Fx Fy τ
]

=
[

m(c̈ + g)T Iφ̈
] j9J,mq�Fp

C��
Fx

�
Fy

INP
τ
MJCFOQP S IBM 
 CFG X IBM�I_P S I X C Z K S I U K[K S EHv Z ?NM K U G Sla IBO[MJIBA/f S I
][IBM X	� f S IBM�I_P�GJIBMLMJCFGJPLM

M Z G Sla I�� I X P\I Z GB�
g
INMJP S I|ceI X PLI Z G�] aoUeXNX ? S ?BG U P\EdCFO g G U c,E P U PLEHCFO`O[I SdS I�INP K CFEdO PLI�] U O[M S U ][EHGJI X P\EHCeO

O[? gQU P\E cFI�][I SbaoU � I
Y
j CFO X CFO[MJEH][iNGLI Z O K SHU O K U G UeSdS i S I R SHU g G U c8EdP\?up_� c̈ I_P φ̈ MLCFOQP�GLIBM K I X PLEdcFI��ADIBOQP S I ceI X PLI Z Gs] aoUYXBX ? S ?NG U PLEHCFO S EHO`? U EdGLI^INP S I M XBUeS U EdGLI�] a UeXBX ? S ?BG U P\EHCeO U O geZ[S U EdGLI�] Z#X IBOQP\GJI

][ITA U MLMJI/][I Sba I�� I X P\I Z G^INPB� IBO�� O ��A I_P��
MLCFOQP�GLINM K I X P\EdceIBADIBOQP S U A U MJMLI/][I Sba I�� I X PLI Z G^I_P
S I^ADCFADIBOQP
] a EHO[INGJPLEHI�][I X I SHZ E � X E K U G�G U K[K CFGJP R MJCFO X IBOQP\GJI ]`I A U MJMLIem

r U O[M S I XBU M
M K U P\E UYS �

eT =
[

Fx Fy Fz τx τy τz
]

=
[

m(c̈ + g)T (Iω̇ + ω × Iω)T
] j9J,m JQp

C��
Fx

�
Fy

�
Fz

�
τx
�
τy
I_P
τz
MJCFOQP S IBM 
 CFG X IBM�INP X C Z K S IBM U K[K S Edv Z ?BM K U G Sla IBO`MLIBAkf S I�]`IBM X	� f S INM

INP GJIBMLMJCFGJPLM�M Z G Sla I�� I X P\I Z GB�
g
IBM P S I/cFI X PLI Z G ] a UeXBX ? S ?NG U PLEHCFO g G U c,E P U PLEHCFO`O[I SdS Ie�

c̈
INP

ω̇
MJCFOQP

GLINM K I X P\EdceIBADIBOQP S IBM|ceI X P\I Z GLM�] a UeXBX ? S ?BG U P\EHCeO S EdO[? U EHGLI
I_Px] a UeXBX ? S ?BG U P\EHCeO U O geZ[S U EdGLI�] Z X IBOQP\GJI
][ITA U MLMJI/][I Sba I�� I X P\I Z G^INPB� IBO�� O ��A I_P��
MLCFOQP�GLINM K I X P\EdceIBADIBOQP S U A U MJMLI/][I Sba I�� I X PLI Z G^I_P
S I�PLIBO[MJI Z G�] a EHO[INGJPLEHI^][I X I SHZ E � X E K U G�G U K[K CFGJP R MLCeO X IBOQP\GJI ]`I A U MJMLIem

r I Sla ?Bv Z U PLEHCFO)jb�,m JFp_�[CFO K I Z P
? X GLEdGLI

δρ = A−1B δx
j9J,mLNQp


�O@M Z f[M P\EdP Z U OQP X I_PLP\I ?Bv Z U P\EHCeO ] U O[M j9J`m I p �[CFO3CFf`PLEHIBOQP

−fT A−1B δx = eT δx
j9J,m Kep

� Z EHMJv Z I X INPJP\I ][INGLO[EdiBGLIT?Nv Z U P\EdCFO ][CFE P �NPLGLI M U PLEHM�
 U EdPLI K C Z GsP\C Z P^cFI X P\I Z G ][I ][? K SHUeX INAtINOQP
XuU GJP\?NMLEdIBO

δx
� CFO K I Z P�? X GJEHGJI

−BTA−T f = e
j)J`m MFp



I N

r INM�?Nv Z[U P\EdCFO[M jl�,m KFp|I_Pkjl�,mLMQp�CFO M U E P�v Z I

BT =
[

BT
a BT

r

] j9J,m PFp

A−T = A−1 =





A−1
a 0

0 A−1
r





j9J,m ZQp

INP�CFO K I Z P UeS CFGLM�]`? X CeA K CFMLING S I^ADIBA/f`GLI�][I gQUeZ[X�� I ]`I j)J`mLMQp�][I S U 
 U . CFO M Z E c U O PLI  

BTA−T f = BT
a A−1

a fa + BT
r A−1

r fr
j9J,m � p

C��
fa
IBM P S I|ceI X P\I Z Gz]`IBM 
 CFG X IBM�] U O[M S IBM X#� f S INM INP

fr
� S I�cFI X P\I Z G�][INM 
 CFG X IBM�] U O`M S IBM�GLIBMJMLCFG P\MNm

� a ?Nv Z U P\EdCFO6j9J`mLMQp�][I_c8EHIBOQP�][CFO X

−BT
a A−1

a fa + er = e,
j9J,m I �Fp

er = −BT
r A−1

r fr
j9J`m I[I p

C��
er

INMJP S IxceI X P\I Z G�][INM|I�� CFG P\MN� 
 CeG X INM|I_PzAtCFADIBOQPLMB� U K[K S EHv Z ?NM K U G Sla IBO`MLIBAkf S I
][INM|GJIBMLMJCFGJPLM
M Z G Sba I�� I X PLI Z GNm

n,E S IBM X CFO[]`EdP\EdCFO[M�] � O U ADEHv Z INMsINP S UDX CFO � gFZ G U P\EHCeO�MLCeO P�][CFO[O[?NIBMN� S INM�cFI X PLI Z GJM
e
�
fr
I_P

er

MLCFOQP X CFO`O Z M�I_P
CFO@Cef`P\EdIBOQP � O UeS IBADIBOQP Z O[I�?Nv Z[U P\EdCFO@]`I SHU 
 CFGLADI

Wfa = h
j9J,m I �ep

U cFI X
Wd×k = −BT

a A−1
a

INP
hd× 1 = e − er

j9J`m I JQp

�	IBM ? S ?BADIBOQPLM�][I
h
X CeGLGLINM K CFO[][INOQP�][CFO X�UeZ�� 
 CFG X IBM I_P ADCFADIBOQP\M v Z Ix][CFE cFIBOQP g ?BO[?NGLING S INM

X	� f S INMxM Z G Sla I�� I X PLI Z G13 X INM�I�� CFGJPLM�MLINGJcFINOQP R EHO[] Z EHGLI S INM UeXBX ? S ?BG U P\EHCeO[M�][?NMLEdGL?BINM R/Sla I�� I X P\I Z G
INP R GLI K GLINO[][GJI S IBM�I�� CFG P\M
IBO g IBO[][GJ?BM K U G S INM�GLINMLMLCeGJP\MNm



I K
� D�� � �)J
	 	1P � K)H P L 	1P 	���� L 	1P
� C Z G/CFf`PLIBO[EdG

fa
��MLCFE P S IBM 
 CeG X INMT] U O[M S IBM X	� f S IBMN��CFO ][CFE P/MLC SHZ PLEHCFO[O`IBG Sba ?Nv Z U P\EdCFO"j)J`m I �Fp 3

][I Z�� MLE P Z U PLEHCFO`MxM Z G c8EHIBO`O[IBOQP	 

• w U M�EdMLCFM P U PLEHv Z IDj
k = d

p
� U MLC SdZ P\EdCFO IBM P Z O[EHv Z I�I_P�INMJP�CFf`PLIBO Z I K U G

fa = W−1h.
j9J`m I N p

• w U M �!� K IBGLM P U PLEHv Z I j k > d
p

� S I � EdMJPLI Z O[I�EHO � O`EdP\?^]`I MJC SHZ P\EHCeO[MBm
��O X�� CFEHMJEHG U�S U MLC SHZ PLEHCFO R O[CeGLADI�ADEHO`EHA UeS IYm�w�I SHS I�� X E K INGLADINP|][IsADEHO`EHADEHMLING S U O[CFGJAtI
][I

fa
INP�IBM P�Cef`P\INO Z I K U G

fa = WIh,
j9J`m I KFp

C��
WI

INMJP Sla EHOQcFINGLMJI g ?BO[?NG UeS EHML?NItj C Z K MJI Z ][C ��EHOQceIBGLMJI p�][I W
�`MJCFEdP

WI = WT (WWT )−1.
j9J`m I MQp

w�I_PLP\I�MLC SdZ P\EdCFO�O[I gQU G U O PLEdPtIBO>GJEHIBO�v Z I S INM X CFA K CFM U OQPLIBM ][I fa
MJIBGJCFOQP K CeMLEdPLEdceIBMB�

XYa INMJP"� R ��]`EHGLI SHU P\INO[MLEdCFO@] U O[M S INM X	� f S IBMNm

�	I K GLCef S iNAtI R MLC SHZ PLEHCFO[O`IBGxINO@GJ? UeS EdP\?sIBMJP�][CeO X  



















ADEHO[EdAtEdMLIBG
fT
a fa,

MLC Z M
∣

∣

∣

∣

∣

∣

Wfa = h
j IBv m8J`m I �Fp

,

fai ≥ 0 i = 1, 2, . . . , k.

j9J`m I PFp

� U GL?BMJC SHZ P\EHCeO ][I X I K GLCFf S iBADI^IBM P K CFMLMJEHf S I g G �YX I RDSHU K GLC g G U ADA U P\EHCeO v Z U ][G U P\Edv Z I
� I[I � I � �bm w�INPJP\I;P\I X�� O[Edv Z I K IBGJAtI_P * Z MJPLIBADIBOQP3] a C K PLEHADEHMLING Z O[I X IBG P U EdO[I 
 CFO X P\EHCeO
v Z U ]`G U PLEHv Z I
P\C Z P|IBO GLIBM K I X P U OQP Z O[I�ML?NGLEHI�][I X CFOQP\G U EHOQPLIBMB�8] a ? gQUYS EdPL?BM�INP�] a EHO[? gQUeS E P\?NMBm
r U O[M S I XuU M K GL?NMLINO PB� SHU 
 CFO X P\EdCFO R ADEHO`EHADEHMLINGsINMJP S U O[CFGJAtI ] Z cFI X P\I Z Gk][INM 
 CeG X INM
] U O[M S IBM X	� f S IBM�INP S INM X CFOQP\G U EHOQP\INM R GJIBM K I X P\INGsMJCFOQP Sla ?Bv Z U P\EHCeO@] a ?Bv Z E S Edf[GLItj9J,m I �ep
I_P
S I 
 U EdP�v Z I SHU 
 CeG X I^] U O[M X�� UeXBZ O@][INM X#� f S IBM
][CFE P �NPLGLI K CeMLEdPLEdceI^C Z O Z`SHS IYm



I M

}�CFE X E Z OTI � IBA K S Ix]`I XuUeSdXBZ[S ][IBM 
 CeG X INM�] U O[M S IBM X	� f S IBM K U G S U O[CFGLADIxADEHO[EdA UYS I�INP K U G SHU
K GJC g G U AtA U P\EdCFO v Z U ][G U PLEHv Z I K C Z G�][I Z�� PLG U *JI X P\CeEHGLINM X EHG XBZ[SHU EHGJIBM R CeGLEHINOQP U PLEHCFO X CFO[MJP U OQP\IYm
�	I�A U O[E K Z[S U P\I Z G Z P\E S EHMJ? K C Z G X IBM XBUeSHXNZ[S MN�YADCFOQP\GJ? RsSHU � gFZ GLI J`m I � U�Z O[I�A U MJMLI�]`I 10 kg

� Z O
ADCFAtINOQP�] a EHO[INGJP\EdI K U G�G U K[K CFGJP R MJCFO X IBOQP\GJI
][I
A U MJMLI�][I 10 kg ·m2

INP�MJCFO U G X�� E P\I X P Z GLI�IBM P
][?�� O[EHI R Sla ?Bv Z U PLEHCFO)j)J`m I ZQp_m|w�INM�][I Z�� P\G U *JI X P\CFEdGLINM�MJCFOQP�][?�� O`EHIBM K U G S I X IBOQPLGLI INP S I^G U � CFO
] a Z O X IBG XBS I U EHO`MLE v Z I SbaoU O gFS I j IBOtG U ][E U O[M\p�][I S U K CFMLE P\EHCeOD]`I Sba I�� I X P\I Z GzM Z G X I X IBG XBS IsINP|MLINM
][?NGLEdce?BINM K GLINAtEdiBGJIBM�INP�MLI X CFO[][INMB� MJCFEdP θ � ω INP α GLINM K I X P\EdceIBADIBOQPum�� a I � K GLINMLMLEdCFO U O UYS
� P\Edv Z I][I S U K GLC g GJIBMJMLEHCeO@][I SbaoU O gFS I θ INO 
 CeO X PLEHCFO3] Z P\INA K M
INMJP K GL?NMLINO PL?BI R Sba ?Nv Z U P\EdCFO)j9J,m I � p_m

p1 =
[

1 0
]T

, p2 =
[

9 0
]T

, p3 =
[

10 5
]T

,

p4 =
[

9 10
]T

, p5 =
[

1 10
]T

, p6 =
[

0 5
]T

,

v1 =
[

−1 0
]T

, v2 =
[

1 0
]T

, v3 =
[

1 0
]T

,

v4 =
[

1 0
]T

, v5 =
[

−1 0
]T

, v6 =
[

−1 0
]T

.

j9J`m I ZQp
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V E gFZ GLI J`m I  z� U O[E K Z`S U PLI Z G K SHU O R MLE � X	� f S IBMNm



I P

θ(t) = At5 +Bt4 + Ct3
j9J`m I � p

U cFI X
A = 12π /t5f , B = −30π /t4f , C = 20π /t3f

C��
θ
IBM P�I � K GLEdAt?�IBO G U ][E U O`MxINP tf INMJP S I�PLIBA K MxP\CeP UeS ][I SHU PLG U *JI X PLCFEHGJIem

� U K GJIBADEHiBGJI�PLG U *JI X PLCFEHGJI/j � gFZ GJI J`mo�Fp_� X IBOQP\GJ?BI^IBO (5, 5)
�,INMJP X CFA K S i_P\IBADIBOQP RkSba EdO PL?BGJEHI Z G
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Ei = −ai[xi sin φ+ yi cosφ] + bi[xi cosφ− yi sin φ] .

��O GLINA U GJv Z Ie�,] aoU K GLiNM S U 
 CFGLADI�][I ρi

j S U�S CeO gFZ I Z G|] Z X	� f S I
i
p_�8v Z I S INM�][I Z�� K GLINAtEdIBGJM

? S ?BADIBOQP\M�]`I
wi


 CeGLADIBOQP Z OTcFI X P\I Z G Z O[EdP U EHGJIem�w�I X E IBMJP X C � ?NGLIBOQP K Z EdMLv Z I wi

X CFO`MJP\E P Z I Z O[I
][INM X C S CFO[O[INM^][I S U A U PLGLE X I 6 UeX CFf[EdIBO[O[IkINP�MLINM^][I Z�� K GLINAtEdIBGJMs? S ?BADIBOQP\M^MJCFOQP�][IBM X CFMLEdO Z M
][EdGLI X P\I Z GLM|INPxO`I 
 CFOQP�v Z Is][EHM P\GLEdf Z ING SHU 
 CFG X Is] Z X	� f S I

i
MLI S CFO S IBM U � IBM

x
INP
y
m r U O[M S I XBU M

] a Z O#A U O[E K Z[S U P\I Z G�M K U PLE UeS � X IkMJCFOQP S INM�PLGLCFEdM K GLIBADEHINGLM�? S ?BADIBOQP\M�][I wi

v Z E 
 CFGJAtINGLCFOQP Z O
cFI X PLI Z G Z O[E P U EdGLIem

��O X CeO[MJP U P\I v Z Ie� K C Z G Z O[I X CFO � gFZ G U PLEHCFO ][CFO[O`?BIe� U � O@v Z I Sba ?Nv Z[U P\EdCFO6j)N[m I p�MLCFE P�GJIBM �
K I X PL?BI v Z I S v Z IkMLCeEdP S I^cFI X P\I Z G h

� XYa INMJP�� R �~][EHGJI U �[O�v Z I S I^cFI X P\I Z G
h K Z EHMJMLI �NPLGLIkCef`P\INO Z �

v Z I S v Z a E S MLCFE Pu� K U G Z O[ITMLCeAtADIkcFI X PLCFGLEdI SHS I/v Z I SdX CFO`v Z ID]`IBM^cFI X P\I Z GLM ][EdGLI X P\I Z GLM�IBO Z PLE S E �
M U O P Z O[EHv Z INAtINO P ][INM X C8I�� X EdIBOQP\M K CFMLE P\E 
 MB� UYZ ADCFEdO[M�v Z U PLGLI/cFI X PLI Z GJM ][EdGLI X P\I Z GLM^]`CFEdceIBOQP
�NPLGLI ]`EHM K CFO[Edf S INMkI_P X I Z�� � X E�][CFEdceIBOQP��NPLGLI ]`EHM K CFMJ?BMT][I A U O[EdiBGJI R#X C Z c8GLEHG Sla IBO[MJIBA/f S I ][INM
][EdGLI X P\EdCFO[M�] U O`M Sba INM K UeX I�c,EdGJP Z I S ][INM|I�� CeGJP\M13 X IBMzv Z U P\GJI�cFI X P\I Z GLM K CFEdO PLIBGJCFOQPu� K U G�I � INA K S Ie�
cFINGLM S INM^v Z U P\GJITMLCFADADINP\M^] a Z O;PL?NP\G U iB]`GLI GL? gFZ[S EdIBG X IBOQPLGL? R Sla CFGLE g EHO[IYm w�I X EzGJINc8EHINOQP R ][EHGJI
v Z I K C Z G Z O A U O`E K Z[SHU P\I Z G K U G UYSHS i S I K SHU O UeX P\EHCeO[O[? K U G X	� f S INMB� U �[O v Z a E S MJCFEdP K CFMJMLEdf S I�][I
X CeO PLG � S IBG K S INEHO[INAtINOQPkP\C Z MkMJIBM/][I g GL?NM/][I S EHfWIBG P\?D] U O[M Z O[I X CFO � geZ G U PLEHCFO6][CFO[O`?BIe� X I SdZ E �
X Es][CFEdP X CFA K CFGJPLIBG UYZ AtCFEdO[M v Z U P\GLI X#� f S IBM I_P X I Z�� � X E�]`CFEdceIBOQP �NPLGLI;][EdM K CFML?NM ][I 
 U . CFO
I�� XBUeX I K C Z G X INPJP\I X CFO � geZ G U PLEHCFO m>w�CFADAtI E S
U ?_P\? AtINO PLEHCFO`O[?3] U O[M Sla EHOQP\GJC,] Z[X PLEHCFO � S I
K S IBEHO X CFOQP\G � S I ][INM ][I g GJ?BM ][I S Edf INGJPL? MLE g O[E
�[I v Z I P\C Z P8*JI Z ] a I�� CeGJP\M K I Z P �_P\GLI g ?BO[?NGL? R
Sla I�� I X P\I Z GBm



� N

� C Z G S I�GJIBMJPLI�][I X I|At?NAtCFEdGLIY� Z O[I|PLI SdS I X CFO�� gFZ G U P\EdCFO K C Z G S U v Z I SHS I P\C Z P *JI Z ] a UeXBX ? S ?BG U �
P\EdCFO[M K I Z P �_P\GLI�EHA K CFML? R^Sla I�� I X P\I Z G�MLIBG U v Z UeS E
� ?NI�][I K C S
� c UeS INO PLIem���O X CeO[MJP U P\I�v Z I�PLC Z PLI
X CeO � gFZ G U P\EdCFO K C S
� c UeS INOQP\I U K`K U GJPLEHINO PxO[? X IBMLM U EHGJIBADIBOQP RTSla IBM K UeX I U PJP\INE g O U f S IY�,v Z I SHS INM�v Z I
MLCeEHIBOQP S INM X CFO`][EdPLEHCFO[M�] � O U ADEHv Z IBM
GJIBv Z EHMJIBMNm
{ m �smQ� U ][? X C Z cFIBG P\I
][I X IBM X CFO�� gFZ G U P\EdCFO[M K C S
� c UeS IBOQP\INM O[I 
 U E P K U M Sba Cef'*JINP�]`I X I�AD?BADCFEHGJI 3
X I SHS IBM�� X E O`I MJCFOQP K GL?NMLIBOQPL?BIBMsv Z I K C Z G U EH][ING RDSHU/X CFA K GL? � IBO`MLEHCeO ]`I SHU ][?BA U G X�� Iem

� S IBMJP P\GJiBM K I Z K GLCef U f S Ie� cFCFEdGLIzEHA K CFMJMLEdf S IY� v Z I|P\C Z P\INM S IBM X CFO � gFZ G U P\EHCeO[M ] a Z O At? XuU O`EHM��
ADI K Z EHMLMJIBOQP�fW?BO[?�� X EdIBG|] a Z O[IsP\I SHS I�GJ? K U GJP\E P\EdCFO K C S � c UeS IBOQP\I�][INM X	� f S INMB� XYa INMJP�� R �~][EHGJI gQU G U O��
P\EdMLM U OQP S I K S IBEdO X CFOQP\G � S I�][I P\C Z M S INM�]`I g GJ?BMs]`I S EHfWIBGJPL?e� M U O[M�v Z CFE Sba INM K UYX I U PLPLIBE g O U f S I^][I
X I
AD? XBU O[EHMJAtI|O[I
MLING U E P�][?��[O[E v Z I K U G S IBM S EdAtE P\INM ][I
MJIBM U GJPLE XNZ[S U PLEHCFO`MBm�� Z MJMLEb� Sla Z P\E S EHM U P\EdCFO
][I X	� f S IBM�M Z K[K S ?NAtINOQP U EdGLIBM K IBGLADINPJP\G U � IBOQP\GJI UeZ P\GLINMB�W] a UeZ[g ADIBOQP\ING S I�O[CFA/f[GJI ]`I X CFO � gFZ �
G U P\EHCeO[M K C Z G S INMLv Z I SdS INM S I^A U O[E K Z[S U PLI Z G�f ?NO[?�� X EHING U ] a Z O PLI S�U c U OQP Ueg IYm

�sEdO[MLEb� K C Z G K SHZ MJEHI Z GLM X CFO�� gFZ G U P\EdCFO[M
] a Z O�A U O[E K Z[S U P\I Z G K S U O �[A UeSHg GJ? Z O O[CFA/f[GJI�][I
X	� f S INM^M Z K ?BGJEHI Z G R v Z[U P\GJIe� S INMscFI X PLI Z GJM ][EdGLI X P\I Z GLM^O`I X C Z c8GJEHGLCeO P K U M Sla IBO[MJIBA/f S I/][INM^][E �
GLI X PLEHCFO[M�] U O[M Sla IBM K UeX I�c,EdGJP Z I S ][IBM
I�� CFG P\MBm � C Z G Z O`I�P\I SdS I X CFO � geZ G U PLEHCFO O[CFO K C S
� c UeS INO PLIe�
X INM�cFI X P\I Z GLMzMLINGLCFOQP�P\C Z MzMJEdP Z ?BM�] Z A �BADI X � PL?�] a Z O K S U O K U MLM U O P K U G Sla CFGLE g EHO[Iz] Z M � MJPLiBADI
] a U � IBMT][I X I_PTIBM K UeX IY� X CFADAtI R�SHU � gFZ GLI�N[mo�,m r U O[M X INPJP\I E SHSHZ MJP\G U P\EdCFO � S INM ceI X PLI Z GJMT][E �
GLI X PLI Z GJM 
 CFGLADIBOQP Z O[I K � G U ADEH][I R v Z U P\GLI 
 UeX INM�j w2

�
w3

�
w4

I_P
w5

]`?�� O[EdMLMJIBOQP�v Z U PLGLI K S U O`M
v Z E X CeO[MJPLEdP Z IBOQP S IBM 
 UYX IBM
][I SHU K � G U ADEH][I 3 w1

�
w6

I_P
h
MLCFOQP RTSla EHOQP\?NGLEdI Z G\p|INP S I�cFI X P\I Z G

h][CFE P U f[MJC SHZ ADIBOQP MJI3PLGLC Z cFIBG R;Sla EHOQP\?NGLEdI Z G/]`I X INPJP\I K � G U AtEd][I U � O v Z I S INM UYXBX ? S ?NG U PLEHCFO[M
GLINv Z EHMJIBM R Sba I�� I X PLI Z G K Z EdMLMJIBOQP �_P\GJI U K[K S Edv Z ?BINM K U G S INM X	� f S IBMNm

��O K I Z P�CFf[MJIBGJceIBG R K U G P\EdG�][I SHU � gFZ GJI N[mo�sv Z I K I Z EHA K CFG P\I S U K CFMJEdP\EdCFOk] Z ceI X P\I Z G h R
Sla EHOQPL?BGLEdI Z G�][I S U K � G U ADEH][I R v Z U PLGLI 
 UeX IBMB� X I SHZ E � X E`MJI
PLGLC Z cFI UeZ MLMJE R^Sla EHOQP\?NGLEHI Z G ] a UeZ ADCFEHO[M
Z O[I;]`IBM K � G U ADEH][INM P\GJE U O gFZ[S U EHGLINM X CFGLGJIBM K CFO`] U OQP R Z O[I X CFA/f[EdO U EdMLCFO�]`I�P\GJCFEHM ceI X P\I Z GLM
][EdGLI X P\I Z GLM j

w4

�
w5

I_P
w6

] U O[M X INPJP\I)E SHSdZ MJPLG U PLEHCFO p_m w�I SHU GJINc8EHINO P R ]`EHGLI)v Z I X�� U v Z I
X CeO � gFZ G U P\EdCFO ]`I Sla IBM K UeX I U PLPLIBE g O U f S I K I Z P �_P\GLI�GL? UeS EdML?BI K U G|MLI Z[S INAtINO P|P\GJCFEHM X	� f S IBMNmzw�I X E
O[I gQU G U OQP\EdP K U M v Z I X INPLPLI X CFA/f`EHO U EdMLCFO�][I�PLGLCFEdM X#� f S IBM�MLING U C K P\EdA UYS I INO X I|v Z E X CeO X INGLO[I S INM

 CFG X IBMzA U EHM�MJI Z[S IBADIBOQPzv Z I�P\C Z P\I X CeO � gFZ G U P\EdCFO ][I Sla IBM K UeX I U PLPLIBE g O U f S I K I Z P �NPLGLI U PLPLIBEHOQPLI
IBO Z P\E S EHM U OQP�MLI Z[S INAtINO P P\GJCFEHM X	� f S IBMNm@�^O K I Z P/INO X CeO XBSdZ GLIDv Z I Sla IBM K UeX I U PJP\IBE g O U f S ITIBM P
Sla Z O[EdCFO/][INM�MLC Z M ��INM K UeX IBMzGL? UeS EdM U f S IBM K U G X�� UeXNZ O[I�][IBM X CFA/f[EdO U EdMLCFO[M�][IxP\GJCFEHM X#� f S IBMBm�w�INPLPLI
X CeO[MJP U P U PLEHCFO3INMJP X G Z[X E UeS I K C Z G S IBM�][?_cFI S C K[K IBADIBOQP\M�M Z f[ML?Nv Z IBOQP\MNm



�[K

Σfx

Σfy

Στ

w1

w2

w3
w5

h

w4

w6

V E gFZ GLI N[mo�� r EdM K CFMLE P\EdCFO O[CFO K C S
� c UeS INO PLI�][INM�MJE � ceI X PLI Z GJM�]`EHGLI X PLI Z GJMBm

������� �  	��

�����������������������
���� "!$#%�'&(�)�%�*

#���������#%+ ��
���� �����

��EdIBO v Z I S U c,EdM Z UYS EHM U P\EdCFO ] a IBOQP\E P\?BM g ?BCeAt?_P\GLEdv Z IBM MLCFE PkEdA K CFMLMJEHf S IT] U O[M Z O INM K UeX I R MJE �
][EdAtINO[MLEdCFO[MB� S IBM X CFO X I K P\M X CeO[MJPLG Z E P\M^] U O`M SHU MLI X P\EdCFO K GL? X ?B]`IBOQP\I K I Z cFINO P P\C Z P�][I A��NAtI
�NPLGLI�?NPLIBO[] Z M UYZ�� A U O[E K Z[S U PLI Z GJMxM K U P\E UeZ�� m

r U O[M S I XuU M^][IBM�A U O[E K Z[S U PLI Z GJM�M K U PLE UeZ�� � S IBM�ceI X PLI Z GJM�][EHGJI X PLI Z GJM w
� S IkcFI X PLI Z G

h
I_P

Sla IBM K UeX I
c8EdGJP Z I S ][INMzI�� CeGJP\M�CFOQPzMLE � ][EdAtINO[MLEdCFO[MB� S IBMJv Z I SdS IBM�MJCFOQP SHU MLCFADAtI�][IBM 
 CFG X IBM�INPz][INM
ADCFAtINOQP\M�][I 
 CFG X I U K[K S EHv Z ?NM K U G S INM X	� f S IBM
M Z G Sba I�� I X PLI Z G
MLI S CFO S IBM U � IBM x � y I_P z m

� C Z G v Z a Z O[I X CFO�� gFZ G U P\EdCFO U K[K U GJPLEHIBO`O[I R�Sba INM K UeX I U PJP\IBE g O U f S Ie� S INM ceI X PLI Z GJM�][EHGJI X PLI Z GJM
INP S I�cFI X PLI Z G

h
X CeGLGLINM K CFO[] U O P R�X INPLPLI X CFO � gFZ G U PLEHCFO ][CFEdceIBOQP GLIBM K I X PLIBG SHU GJi gFS I|M Z Edc U OQP\I  h][CFE P�MJIsP\GJC Z ceIBG RkSba EdOQP\?BGJEHI Z G�j C Z M Z G Z O[Is][IBM 
 UYX IBM\p|] a UeZ ADCFEHO`M Z O`I�][IBM � � K IBG � K � G U ADEH][INM

R MLE � 
 UeX INM 
 CFGJAt?NIBM K U G X��[UeXBZ O`I ][INM X CFA/f[EdO U EHMJCFO[M^][I MJE � ][INM ceI X P\I Z GLM/][EdGLI X P\I Z GLM�] U O[M
X I_P�IBM K UeX I�c8EHGJP Z I S ]`IBM
I�� CFGJPLMBm

�sEdO[MLEb� K U G U O UeS C g EHI U ceI XkS IBM�A U O[E K Z`S U PLI Z GJM K S U O`MB� K C Z G
v Z I S I^ceI X PLI Z G h K Z EHMJMLI �NP\GJI
CFf`PLIBO Z � v Z I SdS I v Z I6MLCFE P#MJCFO�CFGJEHIBOQP U P\EdCFO � K U G Z O[I MLCFADAtI cFI X PLCFGLEdI SHS I6v Z I SHX CFO[v Z I ][INM



� M

cFI X PLI Z GJM ][EHGJI X PLI Z GJMB� UeZ AtCeEHO[MDMLI K P ][I X INM cFI X P\I Z GLM ][CFEdceIBOQP �_P\GJI�][EdM K CFO[EHf S IBM I_P X I Z�� �
X E�][CeEdcFINOQP X C Z c8GLEHG
][I 
 U . CFO U ]`?Bv Z U PLI Sla IBO`MLIBAkf S I�][INMs][EdGLI X P\EdCFO[M
] U O[M X I_P�INM K UeX I c8EHG P Z I S m
w�I X E�GLINc8EdIBOQP R ][EdGLITv Z I K C Z G�v Z a E S MLCFE P K CFMJMLEdf S IT][I X CFOQP\G � S IBG�PLC Z M S INM�][I g GJ?BM ][I S Edf INGJP\?
] a Z O A U O[E K Z[SHU P\I Z G K U G UeSHS i S IkM K U PLE UeS�UYX P\EdCFO[O[? K U G X#� f S IBMB� E S 
 UYZ Pkv Z I X I SHZ E � X E X CFA K CeGJP\I
UeZ ADCFEHO[M�MJI K P X#� f S INM
INP X I Z�� � X E	]`CFEdceIBOQP �_P\GJI ]`EHM K CFMJ?BM
][I 
 U . CeO I�� XuUeX Iem

w�CFADAtI�] U O[M S I XuU Mz]`IBM�A U O[E K Z`S U PLI Z GJM K S U O[MB�FPLC Z P\I X CFO � gFZ G U PLEHCFO K C S
� c UeS IBOQP\I U K`K U G��
P\EdIBOQP
O[? X IBMJM U EdGLINAtINO P RTSla IBM K UeX I U PJP\INE g O U f S IYm

��O K I Z P UeZ MLMJE U �tGJAtINGB� IBO X CFGLI K U G U O UeS C g EdIe��v Z I X�� U v Z I X CFO�� gFZ G U P\EdCFO6]`I Sba INM K UeX I
U PJP\IBE g O U f S IT] a Z O A U O[E K Z[SHU P\I Z G^M K U P\E UYS K U G UYSHS i S I UYX P\EdCFO[O[? K U G X#� f S INM K I Z P��_P\GLItGL? UeS EdML?BI
K U G
MJI Z[S IBADIBOQP�MLE � X#� f S IBM 3 X I X E O`I gQU G U OQP\E P K U M
v Z I X INPJP\I X CFAkf[EHO U EHMLCeO ]`I MJE �3X#� f S IBM
MLING U
C K PLEHA UeS IkIBO X I v Z E X CeO X INGLO[I S IBM 
 CFG X IBMNm3��O K I Z P IBO X CFO XBSHZ GLIDv Z I Sba INM K UeX I U PJP\INE g O U f S I
IBM P Sla Z O[EHCeO ][IBM�MLC Z M���INM K UYX IBM�GL? UeS EdM U f S IBM K U G X�� UeXNZ O[I ][IBM X CFAkf[EHO U EHMLCeO[Mx][I�MLE �3X	� f S INMBm

�	I�ceI X P\I Z G�][EdGLI X P\I Z G
wi

] a Z O A U O[E K Z[S U PLI Z G|M K U P\E UYS IBM P�]`I SHU 
 CFGLADI�M Z Edc U OQP\I  

wi =
1

ρi































Ai − x

Bi − y

Ci − z

Diy + Eiz + Fi

Gix +Hiz + Ii

Jix +Kiy + Li































, ρi =
√

(Ai − x)2 + (Bi − y)2 + (Ci − z)2 ,
j)N`m JQp

U cFI X
Ai = ai − qxi , Gi = −qzi ,

Bi = bi − qyi , Hi = qxi ,

Ci = ci − qzi , Ii = ai qzi − ci qxi ,

Di = qzi , Ji = qyi ,

Ei = −qyi , Ki = −qxi ,

Fi = −bi qzi + ci qyi , Li = −ai qyi + bi qxi ,INP

qxi = qT
1 vi ,

qyi = qT
2 vi ,

qzi = qT
3 vi ,

C��
qT

j

IBMJP S U G U O g ?BI
j
][I S U A U PLGLE X I3][I#GLCYP U PLEHCFO

Q
INP

vi

INMJP S I@ceI X PLI Z G K CFMJEdP\EdCFO ] Z



�[P

K CFEHOQP�] a U O X G Ueg ID] Z6X	� f S I i M Z G Sla I�� I X PLI Z G j X��[U K EdPLGLI I p 3 S INM qxi

�
qyi

INP
qzi

MLCFOQP ][CFO XDS INM
X C8CFGJ][CFO[O[?NIBM
][I X I K CFEdO P
] aoU O X G UYg I^] U O[M S I�GLI K iNGLI�][I�f U MJIem|��O GJIBA U GLv Z I^INO X CeGLI�E X E v Z I
S INMxP\GJCFEHM K GJIBADEHINGLM�? S ?BADIBOQP\M
][I wi


 CFGLADIBOQP Z O3cFI X PLI Z G Z O[E P U EdGLIem

������� �  	��

����� �����������������
���  "!$#%� &(���%��
�#���������#%+��
d
 %����+����  �� ���*� � +����

��O K I Z P
GL?NM Z ADIBG�INP g ?NO[?BG UeS EdMLIBG S INM X CFO X I K P\M
?NP U f S EdM UeZ�� ][I Z�� MJC Z M��~MLI X P\EdCFO[M K GJ? X ?B][INO PLIBM
][I S U 
 U . CFO M Z E c U OQP\Iem

��O1A U O`E K Z[SHU P\I Z G R d ][I g GL?NM ][I S Edf INGJP\? ]`CFEdP K CFMLMJ?B][ING UeZ AtCeEHO[M d + 1
X	� f S IBM U � O

v Z a E S MLCFE P K CFMJMLEHf S I�][I X CFOQP\G � S ING K S IBEdO[IBADIBOQP�P\C Z M�MJIBM�][I g GL?NMs][I S Edf INGJP\?^] U O[M Z O[I X CFO � gFZ �
G U P\EHCeO@][CeO[O[?BIY� I_Pu� ][I K SHZ MN� S IBM X	� f S INM�][CeEdcFINOQP �_P\GLI ][EHM K CeML?BM�][I 
 U . CeO�I�� XBUeX I K C Z G X INPLPLI
X CeO � gFZ G U P\EdCFO m

� C Z P\I X CFO�� gFZ G U P\EdCFO;f ?NO[?�� X E U O P ] a Z O[ITP\I SHS ITGL? K U GJPLEdP\EdCFO;][INM X#� f S INMB� Xea IBM P"� R ��][EdGLI K IBG �
ADINPLP U OQP S I K S IBEdO X CFOQP\G � S I�]`I
PLC Z M S INM�][I g GL?BM�][I S EHfWIBGJPL?e� U K[K U G P\EHINOQP R Sba INM K UeX I U PLPLIBE g O U f S Iem

r I K SdZ MB� X�� U v Z I X CFO � geZ G U PLEHCFOt][I Sba INM K UYX I U PJP\INE g O U f S I
] a Z O A U O[E K Z[S U PLI Z G K U G UeSdS i S I R
d
][I g GL?NM ][I S EHfWIBG P\? UeX PLEHCFO[O`? K U G X	� f S INM K I Z P �_P\GJI U PJP\IBEdOQP\I�INO Z P\E S EdM U OQP MLI Z[S INAtINO P d X	� f S IBMNm� C Z G^][IBM X CFO[][E P\EdCFO[Ms] � O U AtEdv Z IBM^][CeO[O[?BINMB��MLCeO;IBM K UeX I U PJP\IBE g O U f S IkINMJP^]`CFO XTSla Z O[EdCFO#][INM

MLC Z M��~IBM K UeX INM X CeGLGLINM K CFO[] U O P R X�� UeXNZ O[I ][IBM X CeA/f[EHO U EHMJCFO[M�][I d X	� f S IBMNm

�ID�� � J � H O:M �%J 	1P�� 	 L � 	1P 
 K 	 	 K6O O�	�M�� H K�� L 	
�	CFGLMJv Z I Sla CFO M a EdOQP\?BGJIBMJMLI RkSla IBM K UeX I U PLPLIBE g O U f S I�] a Z O AD? XBU O[EdMLADIe� XYa INMJP�INO GL? UeS E P\? S IBM 
 GLCFO��
P\EdiBGJIBM
][I X I_P�INM K UYX I v Z I Sba CeO X�� IBG X�� I R CFf`PLIBO[EdGBm

��O[I X CFO � geZ G U PLEHCFO K C S � c UeS IBOQP\I j ][?�� O[EdI R S U MJI X PLEHCFOEN`mq�,m I p � f[EHINO;v Z a I SHS I U K[K U GJP\EdIBO[O`I
R6Sba INM K UYX I U PLP\INE g O U f S IY�|O aoU K`K U GJPLEHINO[][G U * U A U EHM R)S U 
 GLCFOQP\EdiBGJI@][I X I_P IBM K UeX Iem:
�O1I�� INPB�
K C Z G Z O`I S ? g iNGLIkc U GJE U PLEHCFO � v Z I SdS I/v Z a I SdS I/MJCFEdPB� K U G�G U K[K CFGJP R3Z O[I/P\I SHS I X CFO � gFZ G U P\EHCeO � S I
cFI X PLI Z G

h K C Z GJG U P\C Z *JC Z GJM �_P\GLI�CFf,P\IBO Z K U G Z O[I MLCFADAtI�ceI X P\CFGJEHI SdS I^][I�P\GJCFEHM�]`IBM�ceI X P\I Z GLM
][EdGLI X P\I Z GLMNm

� U � gFZ GLI N`mq� K INGLADINP ][Itc8EdM Z UeS EHMJIBG S INM ][I Z�� MLI Z[S INM 
 U . CFO[M K C Z G S I A U O[E K Z[S U P\I Z G^][I
P\G U cFIBGJMLING Z O[I 
 GLCeO PLEHiNGLI�]`I�MLCFOTINM K UeX I U PLPLIBE g O U f S I S CFGLM ] a Z O X�� U O g INAtINOQP�][I X CeO � gFZ G U P\EdCFO m



� Z

��O`I 
 GJCFOQP\EHiNGLI�IBM P�PLG U cFINGLMJ?BI/][I S U K GJIBADEHiNGLI 
 U . CeO S CFGLMJv Z I Sba Z O`I ]`IBM�
 UeX INM�][I S U K � G U ADEH]`I
c8EHINO P X GLCFEdMLIBG S I�ceI X P\I Z G

h
INP�][I S U ][I Z�� EHiBADI S CFGJMLv Z I�v Z I S U K � G U ADEH][I�M a C Z c8GJIkINP�v Z I S INM

MLI Z[S M�ceI X PLI Z GJMs][EdGLI X P\I Z GLM XBU K U f S IBM�][I K GJC,] Z EHGJI h
][INc8EdIBO[O[INOQP X C K S U O U EHGJIBMN� h ][I_cFIBO U OQP S I

MLI Z[S cFI X P\I Z G�][I�MLCFO X � PL?�] Z K S U O C Z ][I Sla �!� K ING�� K S U O 
 CFGJAt? K U G X INM�ceI X PLI Z GJMs][EdGLI X P\I Z GLMNm
� C Z G Z O#A U O[E K Z[S U P\I Z G K S U O � Z O[IkMLEdP Z U PLEHCFO@?Nc8EH][INOQP\I K C Z G S U v Z I SHS I X I SHZ E � X E�MLIkPLGLC Z ceI

M Z G Sba Z O`I ]`IBM�
 GJCFOQP\EdiBGLINM ][I@MJCFO�INM K UYX I U PLP\INE g O U f S I K I Z P ][CeO X �_P\GJI@][? X GJEdP\I R Sla U EH]`I ][I
S U K � G U AtEd][I ][I S U � gFZ GLI N[mo� INO X CeGLI Z O[I 
 CFEHM� S I/ceI X PLI Z G h

][CFE P�MLITP\GJC Z ceIBG M Z G Z O[I ][INM

 UeX IBM ]`I X I_PLPLI K � G U ADEH][I j Z O�][INM v Z U PLGLI K S U O[MDIBO X C Z[S I Z G\p_m"�	I@ceI X P\I Z G h K I Z P UeS CFGLM
�NPLGLI X CeO[MJPLEdP Z ? K U G
MLI Z`S IBADIBOQP�][I Z�� ][IBM
cFI X PLI Z GJM w

INPB� ] U O[M X I XBU MB� S I M � MJP\iNAtI MLI^PLGLC Z ceI
IBO)MLE P Z U P\EHCeO)] a ?Nv Z E S Edf[GLI R ][I Z��)X	� f S INM j MLI X P\EdCFO N[m J,m I p mD��INM X CFO[][E P\EdCFO[M g ?NCFAt?_P\GJEHv Z IBM�I_P
A U P � ?NA U P\EHv Z INM X CFA K S iNP\INM�MLCFOQP�
 C Z GJO[EHINM RTS U MLI X P\EdCFODK,mo�,m J,m I m

�	I�][I Z�� EHiNAtI�P � K I�][I 
 GJCFOQP\EHiNGLI
IBM P U fWCFGJ][? R S U MLI X PLEHCFOGN[m J,m J`m��	I XBU M�] Z A U O[E K Z`S U PLI Z G
M K U P\E UeS IBM P
P\G U EdP\? RTSHU MLI X P\EdCFODN`m J`mo�,m

��� � ��� &�� #��������%+ � �  ���#�� �����������, "!$#%�'&(�)�%�*

#���������#%+ 

�����

� C Z G X INP�?Nv Z E S Edf[GLIY� Sba ?Nv Z[U P\EdCFO6j)N[m I p�][I_c,EdIBOQP

fµwµ + fνwν = h
j0N[mLNQp

C�� S INM
EHO[][E X INM
µ
I_P
ν
GJ?�
 iNGLIBOQP UeZ�� ]`I Z��3X#� f S IBM
EHA K S Edv Z ?BMx] U O[M Sla ?Bv Z E S EHf`GLIem

� Z EHMJv Z I�MLI Z`S IBM S IBM ][EHGJI X P\EHCeO[M�][INM�cFI X PLI Z GJM
wµ

INP
wν

�FINP O[CFO K U M S I Z GLM O[CFGLADIBMN�FCFOQP Z O[I
EHO X EH]`IBO X I/M Z G S IBM S EdI Z�� ][I Sba ?Nv Z E S EHf[GJI R ][I Z��#X	� f S IBMN� CFO K I Z P�CFADINPJP\GLI ρµ

I_P
ρν

][I j)N[mo�Fp 3
S UDS CFO gFZ I Z Gs] a Z O X#� f S I O a U K U M�] a EdO�� Z INO X I/M Z G S IBMsI�� CeGJP\M�v Z a E S INO g INO[][GLITM Z G Sba I�� I X PLI Z GNm
� a ?Nv Z E S EHf[GJI K I Z P �NPLGLI�GLI K GL?NMLIBOQPL? K U G SHUTX CFA/f`EHO U EdMLCFO S EHO[? U EHGJIsM Z Edc U OQP\I  

αw∗

µ + (1 − α)w∗

ν = λh
j0N[m Kep

C��
0 ≤ α ≤ 1 , λ ≥ 0 ,

U cFI X
w∗

i = wi/ρi.
j)N`m MQp



� �

�	I K U G U ADiNPLGLI α I�� I X P Z I Z O[I MLCeAtADI S EHO[? U EHGJI)]`IBM�ceI X PLI Z GJM
wµ

I_P
wν

P U O[][EHM v Z I S I
K U G U ADiNP\GJI λ U * Z M P\I SHU)S CFO gFZ I Z Gt][I

h
R6X I SHS I@]`I��

αw∗

µ + (1 − α)w∗

ν � m�� U � gFZ GJITN[mLJK IBGLADINP
]`I�c8EdM Z UeS EHMJIBG X I_PLPLI K U G U AD?NPLGLEdM U PLEHCFO m

~w∗

µ

~w∗

ν

~h

λ ~h

α = 0

α = 1

V E gFZ GJI N[mLJ  � U G U AD?NPLGLEHM U P\EdCFO S EHO[? U EHGJI�][I Sla ?Bv Z E S EHf`GLI R ][I Z�� X	� f S INMBm

w�CFO[MJEH][?NGLCFO[Mt] a U f CeGL] S I XuU M K C Z G S IBv Z I S n = k
� XYa INMJP"� R ��]`EHGLI3v Z I S I3At? XuU O`EHMLADI3O[I

X CeA K CFGJPLI UeZ[XNZ O@GJIBMJMLCFG Pum

_�� H � B � B � S���� - � +.$6/ � 1�/ ��� @�
 +a-0/ � 1	� � � ��
�@ ��� �)��� / � ��� � $6/ ��� %'$>� �
n = k

�

� C Z G Z O@AD? XBU O[EdMLADI�M U O`M�GJIBMLMJCFGJP
h = e

INP Sba ?Nv Z[U P\EdCFO6j)N[m KFp�][I_c,EdIBOQP

αw∗

µ + (1 − α)w∗

ν = λ e
j0N[m Pep

C��
0 ≤ α ≤ 1 , λ ≥ 0 ,

INP�CFO3CFf,P\EHINOQP S I^M � M P\iBADI ][I^P\GLCeEHM�?Bv Z U P\EHCeO[M
M Z E c U O P# 
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S U MLI X PLEHCFO K8mq�,m I � S INM X CFO[][E P\EHCeO[M�?BO Z AD?BGL?NIBM UYZ�� ][I Z�� MJC Z M��~MLI X P\EdCFO[MxM Z Edc U OQPLIBM�]`INc8GLCFOQP �NP\GJI
cF?NGLE � ?BINM K C Z G X�� U v Z I X CFA/f`EHO U EdMLCFO ][I X	� f S INM X CFGLGJIBM K CFO[] U OQP R3X INPJP\IDv Z U ][G U P\Edv Z Iem ��O[I
MLI X PLEHCFO MLING UDUeXBX I K PL?BI MLE UeZ ADCFEHO[M Z O[I�][I�MLIBM X CeA/f[EHO U EHMJCFO[M�ce?BGLE � I X INM X CFO[][E P\EHCeO[MBm

� Z PLGLI K CFEHOQPxEdA K CFG P U OQPu� S INM�? gQUYS EdPL?BMx]`I X IBM X CFO[][E P\EHCeO[M�][CeEdcFINOQP �_P\GJI�cF?BGJE
� ?NIBM U cFI X Z O[I
X INGJP U EHO[I A U G g I�] a IBGJGLI Z G

ε
m � U G�I � IBA K S IY� χ = a

][CFEdP �_P\GLI EHOQPLIBG K GL?NPL? X CFAtADI |χ− a| < εINP
χ ≥ a

X CeAtADI
χ ≥ a− ε

m r U O[M Sla UeSdg CFGLE P � ADI Z P\E S EHMJ?e� S U A U G g I^] a INGLGJI Z G
IBM Ps]`I
10−9

m
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� U c UYS EH]`EdP\?�] a Z O[I�MJI X P\EHCeOD] a ?Nv Z E S Edf[GLI R ][I Z��DX	� f S IBM�INMJP�cF?NGLE
�[?BIe�8IBODMLCeO K CFEHOQP�AD?B][E U O � K U G
S INM�][I Z�� X CFO[]`EdP\EdCFO[M�O[? X INMLM U EHGLINM�I_P�M Z �DM U O PLIBM�M Z E c U O PLIBMNm

��GLIBADEHiNGLINAtINO PB� K C Z G U K[K U G P\INO[EHG R9S U 
 GLCFOQPLEHiBGJI ][I Sba INM K UYX I U PLPLIBE g O U f S Ie� SHU MLI X P\EdCFO
][CFE P U K[K U G P\INO[EHG RtSHU K U GJPLEHI�][I SHU v Z U ][G U PLEHv Z I C�� S IBM�][I Z���X#� f S IBM�PLG U c U E SdS INO PxIBO�PLIBO[MJEHCFO m
�^?BCFAD?NPLGLEHv Z INAtINOQPu� X I X E[MLE g O[E
�[I�v Z I S I�cFI X P\I Z G

h
]`CFEdP MLIxPLGLC Z ceIBG ] U O[M S I|MLI X P\I Z G U O geZ[S U EdGLI

][?�� O[E K U G S IBM ]`I Z�� ceI X P\I Z GLM wµ

INP
wν

UeZ�� v Z I S M X CeGLGLINM K CFO[] S U MJI X PLEHCFO � X CFAtADI R SHU
� gFZ GLI N[mLJ`m9� U P � ?NA U PLEHv Z INAtINO PB� X INPJP\I X CFO`][EdPLEHCFO K I Z P��_P\GJI GLI K GL?BMJIBOQP\?NI K U G S U GLI S U PLEHCFO
M Z Edc U OQP\I  

λT
µν λµh > 0

I_P
λT

µν λhν > 0
j9K,m ZFp

λµν = wµ × wν

λµh = wµ × h

λhν = h × wν

r I Z�� EdiBADIBADIBOQPu� K C Z G v Z I SHU MLI X P\EdCFO"MLCFE P c UeS Ed][Ie� X I SHS I�� X E�][CFE P X CeGLGLINM K CFO[][GJI R9Z O[I
][INM 
 UeX INM ][I SHU K � G U ADEH]`I@I_P O[CFO R6Z O>][C Z f S INPt][I�ceI X P\I Z GLM3][EHGJI X P\I Z GLM ]`?�� O[EdMLM U OQP Z O
MLI X PLI Z G U O gFZ[SHU EHGJI R Sla EHOQP\?NGLEdI Z G ][I S U K � G U AtEd][Iem � U G3I � INA K S Ie� K C Z G SHU X CFO � gFZ G U P\EHCeO
X CeGLGLINM K CFO[] U O P R SHU � gFZ GLI�N[mo�,� S U MLI X P\EdCFO K GLC cFINO U OQP�][I Sla ?Bv Z E S EHf`GLI�EHA K S EHv Z U OQP S IBM X	� f S IBM��
INP J MLIBG U UeXNX I K P\?NI P U O[][EdM�v Z I X I SHS I X CFGLGJIBM K CFO`] U OQP K SdZ P � P UeZ�� X	� f S INM I INP��TMLIBG U GJI *JINPL?BIYm
�^?BCFAD?NPLGLEHv Z INAtINOQPu� X I X E,MJE g O[E � Izv Z I�P\C Z M S INM UeZ P\GLINM ceI X PLI Z GJM�][EHGJI X P\I Z GLM�]`CFEdceIBOQP�MLIzP\GJC Z cFING
] Z A��NAtI X � P\? ] Z K S U O�
 CFGJAt? K U G S IBM
][I Z�� cFI X P\I Z GLM�]`EHGLI X PLI Z GJM X CFGLGJIBM K CFO[] U OQP UeZ�� ][I Z��
X	� f S INMsEHA K S EHv Z ?BM�] U O`M Sla ?Bv Z E S EHf`GLIem�w�I_PLP\I X CFO[]`EdP\EdCFO K I Z P �NPLGLIk? X GJEdP\I A U P � ?NA U PLEHv Z INAtINO P
][I S U 
 U . CFO M Z E c U OQP\I  

∣

∣

∣

k
∑

i=1

MJE g O[I (
(wµ × wν)

Twi

) ∣

∣

∣ = k − 2 (i 6= µ, i 6= ν)
j K8m � p

C��
k
IBM P S I^O[CFA/f`GLI�][I X	� f S IBM�] Z AD? XBU O[EHMJAtIYm

w�CFADAtI E SxU ?NPL?3c Z1R;S U MLI X PLEHCFO N[mLJ`� Z O[I X CFO�� gFZ G U P\EdCFO K C S
� c UeS INO PLI O[I�
 U E P * U A U EHM
K U G P\EdI�]`I SHU 
 GJCFOQP\EdiBGLI�][I Sla IBM K UeX I U PJP\IBE g O U f S Iem � Z MJMLEb� SHU ]`I Z�� EHiNAtI X CeO[][EdPLEHCFO GJIBA K S E P�f[EHINO
MLCeO@G � S I R X I�M Z *JINP XuU G�I SHS I�GLI *JINPLPLI^P\C Z PLI�MLI X P\EdCFO3][CFOQP S I K CFEHOQP�AD?B][E U O X CFGJGLINM K CFO[] R Z O[I
X CeO � gFZ G U P\EdCFO K C S
� c UeS IBOQP\IYm�
�O I�� INPu� K C Z G Z O[I�P\I SdS I X CFO�� gFZ G U P\EdCFO �8E S O a I � EHMJPLI UeZ[XNZ O K S U O
P\I S v Z I^P\C Z M S IBM�cFI X P\I Z GLM�][EdGLI X P\I Z GLM�MLI^P\GJC Z ceIBOQPs] Z A �BADI X � P\?�][I X I SHZ E � X Ebm
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� U c UeS Ed][EdPL?^] a Z O[I/MJI X PLEHCFO�][IkMJEHO gFZ`S U GJEdP\?�INMJP Z O K I Z K SHZ M X CeA K S I � I R c,EdM Z UYS EHMJIBG�A U EHM S INM
X CeO[][EdPLEHCFO`M g ?BCFAD?NPLGLEdv Z IBM�INP�A U P � ?BA U P\Edv Z IBMxv Z E SHU ]`? X GJEdceIBOQPsGJIBM P\IBOQP�MLEdA K S IBMNm

w�I�P � K I�][I 
 GLCeO PLEHiNGLI�INMJP�GLIBO X CFOQP\GJ? S CFGJMLv Z IzP\GLCeEHM ][IBM�ceI X P\I Z GLM�][EHGJI X P\I Z GLM MJCFOQP X C K S U O U E �
GLINM 3 X I Z�� � X E X CFGJGLIBM K CeO[][IBOQP UeZ�� PLGLCFEdM X	� f S IBM
INO@MJEHO gFZ`S U GJEdP\?�] Z At? XuU O[EdMLADIem

n,CFE P
µ
�
ν
I_P
ς
S INMsO Z AD?BGLCeMs][INM X INMsP\GJCFEHM
cFI X PLI Z GJM^][EHGJI X PLI Z GJM X C K S U O U EHGJIBMN�WI_P�MJCFEdP γµν

�
γµς

I_P
γνς

S IBM X CFMLEdO Z MsGJIBM K I X P\E 
 M�][IBM U O gFS IBM�IBOQP\GJI X�� UeXNZ O[I/][INM X CeA/f[EHO U EHMJCFO[M�][Ik][I Z�� ][I
X INM�PLGLCFEdM�cFI X PLI Z GJMs][EdGLI X P\I Z GLM X C K S U O U EHGJIBM 3

γij = cos θij =
wT

i wj

|wi||wj|
j K,m I �Qp

C��
θij

INMJP Sla U O gFS I�IBOQPLGLI
wi

I_P
wj

m
}�CFE X E S INM@][I Z��:X CFO`][EdPLEHCFO[M g ?NCFAD?NP\GJEHv Z INM@v Z I6][CFEdP GJIBM K I X P\ING Z O[I6MLI X P\EdCFO K C Z G U K �

K U G P\INO[EHG RTS U 
 GJCFOQP\EdiBGLI�][I Sba INM K UeX I U PLPLIBE g O U f S Iem � C Z G S I K CFEHOQP�AD?B]`E U O3][I X I_PLPLI MJI X P\EHCeO  

I m
h
][CFE P �NP\GJIkMJI Z[S ][I MLCFO X � PL?k] Z K S U O ][?�� O[E K U G X IBM�P\GJCFEHM�cFI X PLI Z GJM^][EHGJI X PLI Z GJMB� P\C Z M

S IBM UeZ PLGLINM
ceI X P\I Z GLMs]`EHGLI X PLI Z GJM�MJI PLGLC Z c U O P
]`I SbaoUYZ P\GJI X � PL? C Z ] U O[M X I K S U O m
� S MJIBG U ?_P U f S E K SHZ M S CFEHO v Z I K C Z GTv Z I SHU MLI X P\EdCFO K Z EdMLMLI U K[K U G P\IBO`EHG R;S U 
 GLCFOQP\EdiBGJI
][I Sba INM K UYX I U PJP\INE g O U f S IY� S IBMxP\GJCFEHMzcFI X P\I Z GLM
][CeEdcFINOQP��NP\GJI^][EHM P\EdO X PLM�j ?Nv Z[U P\EdCFO)j K,m I KFpJp_�
gQU G U OQP\EdMLM U OQP U EHO[MJE Sla I � EdMJP\INO X I ][I X I K SHU O m
� U P � ?NA U PLEHv Z INAtINO PB� X I_PLPLI X CFO[][E P\EHCeO M a ? X GJEdP# 

signe(wT
i n1) ≤ 0, i = 1 . . . k, i 6= µ, ν

INP
ς

j K,m I[I p

C��
n1

INMJP SHU O[CeGLA UeS I UeZ K SHU O ]`I wµ

�
wν

INP
wς

� K CFEHOQP U O P|] Z A �BADI X � P\?�][I X I K S U O
v Z I

h
� MLCFE P

n1 = sλ

λ = wi × wj s = signe(hT λ)

C��
i
INP
j
X CFGLGJIBM K CFO`][IBOQP UeZ�� EdO[][E X IBMz] Z γ ][CFOQP S U c UeS I Z G U f[MJC SHZ I�IBM P S U K SHZ M K INP\E P\IY�

gQU G U OQP\EdMLM U OQP
v Z I
wi

INP
wj

O[I�MJCFOQP K U M X C S EHO[? U EHGJIBMBm
{ mo�sm

n1

IBMJP S I^A��NAtI^v Z I X I SHZ E	]`I SHU � gFZ GJI K,m I K GJ?BMJIBOQP\?NI K SdZ M S CFEdO m
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�,m�w�INM P\GJCFEHM^ceI X PLI Z GJMT][EHGJI X P\I Z GLMk]`CFEdceIBOQP PLIBO[]`GLI R MLItGLI�
 INGLADIBG UeZ PLC Z G ][I
h K C Z G Z O

][? K S UYX IBADIBOQP�EHO�� O[EdPL?BMJEHA UeS ]`I Sba I�� I X PLI Z G
] a Z O ][IBM�][I Z��3X � PL?BM�][I S U MJI X PLEHCFO m
� C Z G X I S U � S IBM|PLGLCFEdM|ceI X PLI Z GJM�][CFE cFIBOQP�]`?�� O[EdG Z O MJI X P\I Z G U O gFZ[SHU EHGJI�] aoUeZ AtCFEdO[M

180◦
m


�O I�� INPu�z] U O`M S I XuU M C�� X IBMTP\GJCFEHM/ceI X PLI Z GJM MJIBG U EHIBOQP GJ? K U G P\EdMTM Z G ADCFEHO[Mk][I 180◦
�

UeZ`XBZ O;][? K S UYX IBADIBOQP^EdO � O[E P\?NMLEHA UeS ][I X I Z�� � X E O`I X GJ?BIBG U Z O[I K � G U ADEH]`I X CeO PLIBO U O P hM UeZ 
 MJE X I SHZ E � X EQ?NP U EdP X C K S U O U EHGJI UYZ ][? K U GJP 3eP\I S v Z a ?NP U f S E UYZ ][?Nf Z P ]`I S U MLI X PLEHCFO K,mq�8m J`�
X I XuU MsO[I M Z G c,EdIBO[]`G U * U A U EdM UYZ K CFEHOQP�At?N][E U O XuU GsE S	X CFO[M P\EdP Z I Z O X GJCFEHMJIBADIBOQP U ceI X
Z O;?Nv Z E S EHf[GJI R ]`I Z��#X	� f S IBMNm^��O[I X CFO[][E P\EdCFO�A U P � ?BA U P\Edv Z I I�� XBUeX ITv Z E cF?NGLE
�[I/v Z I
S IBMxcFI X PLI Z GJMsMLCeO P�GJ? K U G P\EdM�M Z G UeZ AtCeEHO[M 180◦

IBM P

γµν + γµς + γνς ≤ −1.
j9K,m I �Fp

w�INPJP\I MLI X CFO[][I X CeO[][EdPLEHCFO AD?BGJEdPLI�] a �NP\GJI XNS U GJE
� ?NI 3 X I SdS I�� X E MLI�M Z fW][E c,EdMLI�IBO ][I Z�� XuU MNm

7 � �,� < -0/E1 �U� / @ ��/ � $ / � �4".- ���;< $&�,�.1 S�� /
180◦

γµν 6= −1, γµς 6= −1, γνς 6= −1.
j9K,m I JQp

�	IBM
P\GLCeEHM�ceI X PLI Z GJMsMJCFOQP�]`EHMJPLEHO X P\MNm
w�I XuU Msc UeS Ed][I^P\C Z *JC Z GLM S U MJI X P\EHCeO XuU G K C Z G Z O�][? K SHUeX INAtINOQP�][I Sba I�� I X PLI Z G � CFGLMs][I SHU

MLEdO gFZ[SHU GLE P\?Y� S IBM�P\GJCFEHM�cFI X P\I Z GLM O a ?NP U OQP K SHZ M X C K SHU O U EdGLIBMN� X I Z�� � X E�][INc8GJCFOQP O`? X INMLM U EHGJIBADIBOQP

 CFGJAtING Z O[I K � G U ADEH]`I�] a Z O ][IBM|][I Z��tX � P\?NM�] Z K S U ODv Z a E S M�][?�� O[EHMJM U EdIBOQPx] U O[M S U�X CFO � gFZ G U �
P\EdCFO MJEHO geZ[S EdiBGLIY�QMLI S CFO S I X � P\?�][I SHU MJI X P\EHCeO cFINGLM S IBv Z I S MLIs][? K SHUeX I Sla I�� I X P\I Z G 3,PLC Z PzcFI X P\I Z G
][I X I X � P\?�] Z K S U O MJIBG UtRTSla EHOQPL?BGLEdI Z G�][I X INPJP\I K � G U ADEH][IYm

� a ?Nv Z[U P\EdCFO j K,mo� JQp�][?BADCFOQP\GJIBG U v Z I S I X CFA K CFG P\INAtINO P�][IBM ceI X P\I Z GLM�][EHGJI X P\I Z GLM K C Z G Z O[I
][EdGLI X P\EdCFO/][CFO`O[?BIx]`Ix][? K S UeX IBADIBOQP�][I Sba I�� I X PLI Z G�MJIBG U�Sba EdOQcFIBGJMLIx]`I S I Z G X CFA K CFG P\IBADIBOQP K C Z G
S U ]`EHGLI X PLEHCFO3C K[K CFMJ?BIem

7 � �,� < -0/E1 �U� / @ ��/ � $ / � �4/ � � @ ��/ � /X�A�
180◦

γµν = −1
C Z

γµς = −1
C Z

γνς = −1
j9K,m I N p

r I Z�� ][IBM
cFI X P\I Z GLM�MLCFOQP X C S EHO`? U EdGLIBM�INP
C K[K CFMJ?BMBm
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�	I XBU M@C � S INM P\GLCeEHM cFI X P\I Z GLM@MLING U EdIBOQP X C S EdO[? U EHGLINM MLING U GJI *JI_P\? U K GJEHCFGJE XuU G SHU MJI Z[S I

 U . CFO ][I v Z E PLP\ING X INPLPLI X CFO�� gFZ G U P\EdCFO6ceIBGLM Sba EdOQP\?BGJEHI Z Gk][I Sla IBM K UeX I U PLP\INE g O U f S IDMLING U E P K U G
Z O#?Nv Z E S EHf[GJI R ]`I Z���X	� f S IBM13 X I g IBO`GLI/][I X GJCFEHMJIBADIBOQP�O a IBM P K U M K CFMJMLEdf S I UeZ K CFEHOQP�At?N][E U O
] a Z O[I MJI X PLEHCFO m)��EHO[MJEl� MJI Z[S IBM S IBM/MJI X P\EHCeO[M K C Z G S IBMLv Z I SHS IBM S IBMkPLGLCFEdM cFI X PLI Z GJM X C K SHU O U EdGLIBM
MLCeO P�][EdMJPLEHO X P\M�][CFE cFINO P��_P\GJI X CFO[MJEH][?NGL?BINMBm�n,E S IBMxP\GJCFEHMxceI X P\I Z GLM�MLCFOQP�][EHM P\EdO X PLMB� UeZ`XBZ O ][IBM

γO[I^c UeZ ][G U
1
� MLCeEdP

γµν 6= 1, γµς 6= 1, γνς 6= 1.
j K8m I Kep

� C Z G cF?BGJE
� ING MLE S IBMtP\GLCeEHMtceI X P\I Z GLM X C K SHU O U EdGLINMDPLIBO[][INOQP R MJI#GLI�
 IBGJAtING UeZ PLC Z G ][I h

K C Z G Z O[I�][INMx][I Z�� ][EdGLI X P\EdCFO[Mz][I�][? K S UeX IBADIBOQPu�,E S 
 UeZ P Z P\E S EHMJIBG S INM�][?NGLE cF?BINM�][I X I Z�� � X E K U G
G U K[K CeGJP UeZ ][? K S UeX IBADIBOQP�][I Sla I�� I X P\I Z GBm

� U ][?NGLE cF?BI K U GJP\EdI SdS Is]`I wi
K U G�G U K[K CFGJP R Z O[I^c U GJE U f S Isv Z I SHX CeO[v Z I θ INMJP

∂wi

∂θ
=

1

ρi

∂(wiρi)

∂θ
+

∂

∂θ

(

1

ρi

)

wiρi

j K,m I MQp

INPB� U K GJiBM�MJEHA K S E � XuU P\EHCeO � S INM�][?BGJEdce?BIBM K U GJPLEHI SdS INM�][I wi
K U G�G U K[K CFGJP R x I_P y MLCFOQP^GJIBM K I X �P\E cFINAtINO P

∂wi

∂x
=

1

ρi











−1

0

Ci











+
(Ai − x)wi

ρ2
i

,
j K,m I PFp

∂wi

∂y
=

1

ρi











0

−1

Di











+
(Bi − y)wi

ρ2
i

,
j K,m I ZQp

C��
wi

�
ρi

INP S IBM X C8I�� X EHIBOQPLM
Ai

R
Di

MLCFOQP�][?�� O[EHM RTSla ?Bv Z U P\EHCeO j0N[mo�Fp_m
� C Z G Z O3][? K SHUeX INAtINOQP Z O[E P U EdGLIs]`I Sla I�� I X PLI Z G�] U O[M Z O`I^][EHGJI X PLEHCFO K ING K IBO[][E XBZ[SHU EHGJI R/SHU

MLI X PLEHCFO INP Z O[I K INOQP\I m UeZ K CeEHOQP�At?N][E U O � S INM�]`? K SHUeX INAtINO PLM�INO x INP y MLINGLCFOQP�GLINM K I X PLEdceI��ADIBOQP

∆x = ± m√
m2 + 1

,
j K,m I � p

∆y = ∓ 1√
m2 + 1

,
j K,mo�e�Qp

C�� S I X�� CFE � ][I|MLE g O[I|MJE g O`E
� Izv Z I Sla I�� I X P\I Z G K I Z P�v Z EdPJP\IBG S U MLI X P\EdCFO/] a Z O X � P\?|C Z ][I Sla UeZ P\GJIem
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� C Z G Z O[I MJI X P\EHCeO3ceIBG P\E XBUeS IY� X INM�]`? K SHUeX INAtINO PLM
MLIBGJCFOQP K SHZ P � P

∆x = ±1,
j9K,mq� I p

∆y = 0.
j9K,mq�e�Fp

� U ]`?BGLE cF?NI ][I
wi

K U G
G U K[K CFGJP UYZ PLIBA K M K C Z G Z O3][? K SHUeX INAtINOQP�]`I Sba I�� I X PLI Z G K IBG K IBO��
][E XBZ[SHU EHGJIBADIBOQP RTS U MJI X PLEHCFO MLING U ][CFO X

ẇi = λ

(

∆x
∂wi

∂x
+ ∆y

∂wi

∂y

) j K,mo� JQp

C��
λ
IBM P Z O 
 UYX P\I Z G
v Z E	][? K IBO`]�][I S U c8E P\IBMJMLI ] Z ][? K SHUeX INAtINOQPum

� U c8EdPLIBMJMLI ] Z ][? K S UYX IBADIBOQP@?NP U OQP U GJf[EdPLG U EdGLIY��MJI Z[S I SHU ]`EHGLI X PLEHCFO"EHA K CFGJPLI 3�CFO K I Z P
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ν,n1)
)T

n1

)

C��
hu

I_P
du

MJCFOQP S IBMxceI X P\I Z GLM Z O[EdP U EHGJIBM X CeGLGLINM K CFO[] U O P R h
INP

d
m

� S I � EHMJPLI Z O[I3MLE P Z U P\EHCeO v Z E 
 U E P Z O K I Z I �,X I K P\EdCFO A U EdMkv Z E K I Z P 
 UeX E S IBADIBOQP��NP\GJI
U O UeS
� ML?NI  S I XBU M�C�� S I
cFI X P\I Z G

h
INMJP K ING K IBO[][E XBZ[SHU EHGJI R n2

m r U O[M X I XuU MB� SHU O[CeGLA UeS I
n3

MLING U E P K U G UeSdS i S I R n2

I_P S I K GJC X IBMJM Z M ]`? X GJEdP K GL? X ?N][IBADAtINOQP O[I 
 CFO X PLEHCFO`O[IBG U EdP
K U MBm^� U ce?BGLE � XuU P\EHCeO�][I SHU c UeS EH][E P\?�] a Z O[IkPLI SHS I MJI X P\EHCeO;IBMJP K C Z GJP U O P�P\GJiBM�MJEHA K S I  xE S
M Z � P^v Z I

β2
UeZ`g AtINOQP\Ikv Z U O[]

β1

][EdAtEdO Z Ie�WINPsc8E X I ceIBGJM U � K C Z G�v Z a I SHS I MJCFEdP�c UeS Ed][Ie�
XYa INMJP"� R ��]`EHGLIsv Z I S I K GJC,] Z EdP�]`IBM s GJIBM K I X P\E 
 M�][IBM�?Nv Z U P\EdCFO[M j9K,m JF�Fp|INP j9K,mLJ[MQpzMJCFEdPx? gQUeS
R −1

m>��O K I Z P UYZ MLMJE Z PLE S EHMLING Sla ?Bv Z U P\EHCeO�j9K,m J MQpkIBO K GLC X ?N] U OQP X CFADAtI MJE h
?_P U E P

K U G UeSdS i S I R n1

� XYa INMJP"� R ��]`EHGLI INO K CeM U OQP n3 = wµ

INP IBO GJIBA K S U .uU OQP h K U G n1

] U O[M
X INPLPLI�?Bv Z U PLEHCFO m
�	I�cFI X P\I Z G�][EdGLI X P\EdCFO

d
INMJP XBUeSHXNZ[S ? ][I S U A U O[EHiNGLI�M Z E c U OQP\Iem�� a I�� INP�] Z ADC Z cFINAtINOQP

][INM�ceI X P\I Z GLM
wµ

INP
wν

M Z G S I�][? K S UeX IBADIBOQP�][I Sba EdOQP\IBGJMLI X P\EdCFO IBOQP\GJI S I MJI g ADIBOQP ϕ I_P
S I K S U O#O[CFGJA UeS R n3

K I Z P �NP\GJIT][? X CFA K CFMJ?/IBO v Z U PLGLI X CFA K CFM U OQP\IBM^EdO[][? K INO[] U OQP\INM
U MJMLC X Ed?BIBM R3X�� UeXBZ O[It]`IBM v Z[U P\GJI K GJC9*JI X P\EdCFO[M ][IBM�cFI X P\I Z GLM ẇµ
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℘(ẇµ,n2)

wν
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T1 x
2 + T2 y

2 + T3 xy + T4 x+ T5 y + T6 = 0
j �km I p

T1 = Fy

[

(y1 − y2) cosφ+ (x1 − x2) sinφ
] j � mq�ep

T2 = Fx

[

(x1 − x2) cosφ+ (y2 − y1) sinφ
] j � m JFp

T3 = Fx

[

(y2 − y1) cosφ+ (x2 − x1) sinφ
]

+Fy

[

(x2 − x1) cosφ+ (y1 − y2) sinφ
] j � mLNQp

T4 = Fx

[

(y1b2 − b1y2) cosφ+ (b2x1 − b1x2) sinφ
]

+Fy

[

[(a2 + a1)(y2 − y1) + b1x1 − b2x2] cosφ

+[b2y2 − b1y1 + (a1 + a2)(x2 − x1)] sinφ+ y1x2 − x1y2

]

+τ
[

(y1 − y2) cosφ+ (x1 − x2) sinφ+ b2 − b1
] j � m Kep

T5 = Fx

[

[(b1 + b2)(x2 − x1) − a2y2 + a1y1] cosφ

+[a1x1 − a2x2 + (b1 + b2)(y1 − y2)] sinφ− y1x2 + x1y2

]

+Fy

[

(x1a2 − a1x2) cosφ+ (a1y2 − y1a2) sinφ
]

+τ
[

(x2 − x1) cosφ+ (y1 − y2) sinφ+ a1 − a2

] j � m MFp

T6 = CxFx + CyFy + Cττ
j � m Pep

C��

Cx =
[

(b2 − b1)(y1x2 + x1y2) + (a1 − a2)(y1y2 − x1x2)
]

cos2 φ

+
[

(a1 − a2)(x1y2 + y1x2) + (b2 − b1)(x1x2 − y1y2)
]

sinφ cosφ

+
[

b2(b1x1 − a1y1) + b1(a2y2 − b2x2)
]

cosφ

+
[

b1(b2y2 + a2x2) − b2(b1y1 + a1x1)
]

sinφ

+x2(b1y1 + a1x1) − x1(b2y2 + a2x2)

Cy =
[

(a2 − a1)(y1x2 + x1y2) + (b1 − b2)(x1x2 − y1y2)
]

cos2 φ

+
[

(b2 − b1)(x1y2 + y1x2) + (a1 − a2)(y1y2 − x1x2)
]

cosφ sinφ

+
[

a2(a1y1 − b1x1) + a1(b2x2 − a2y2)
]

cosφ

+
[

a2(b1y1 + a1x1) − a1(b2y2 + a2x2)
]

sinφ



MFP

+y2(a1x1 + b1y1) − y1(b2y2 + a2x2)

Cτ = (a1y2 + x1b2 − y1a2 − b1x2) cosφ

+(b1y2 − x1a2 + a1x2 − y1b2) sinφ

+a2b1 − x1y2 − a1b2 + y1x2

� ������� $ � ��� �  %�  �� +���� �)��# � � ���

��O K U GJP
][INM
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α(A1 − x) + (1 − α)(A2 − x) = λFx ,

α(B1 − y) + (1 − α)(B2 − y) = λFy ,

α(C1x +D1y + E1) + (1 − α)(C2x+D2y + E2) = λτ .

C�� S INM
EHO[][E X INM
1
INP

2
][?BMJE g O[INOQP S IBM�][I Z�� X	� f S IBM
EdA K S EHv Z ?NM�] U O`M Sba ?Nv Z E S EHf[GJIem

��O@EdMLC S I�] a U fWCFGL]
λ
] U O`M X��[UeXBZ O`I ][INM�P\GLCeEHM�?Bv Z U P\EHCeO[M K GL? X ?B]`IBOQP\INM# 

λ =
α(A1 − x) + (1 − α)(A2 − x)

Fx

,

λ =
α(B1 − y) + (1 − α)(B2 − y)

Fy

,

λ =
α(C1x +D1y + E1) + (1 − α)(C2x +D2y + E2)

τ
.

��O9? gQUeS I IBO`M Z E P\I R P\C Z GT][I G � S I S U K GLINAtEdiBGLI I_P S U ]`I Z�� EHiNAtI3][I X IBM ?Bv Z U P\EHCeO[M U cFI X3SHU
P\GJCFEHMJEHiNAtI�I_P�CFO3MLC SdZ P\EdCFO[O[I K C Z G α mz�^O PLGLC Z ceI

α =
(A2 − x)τ − (C2x +D2y + E2)Fx

(A2 − A1)τ + (C1x +D1y + E1 − C2x−D2y − E2)Fx

,

α =
(B2 − y)τ − (C2x +D2y + E2)Fy

(B2 − B1)τ + (C1x +D1y + E1 − C2x−D2y − E2)Fy

.

��O@? gQUeS I �[O UeS INAtINOQP X IBM�][I Z�� ?Bv Z U PLEHCFO[M K Z EHM�CFO@GJI g GJC Z K I S IBM 
 UeX P\I Z GLM�][I x2, y2, xy, x, yINP S IBMxP\INGLADIBM X CeO[MJP U OQP\M K C Z G�CFf`P\INO[EHG S IBM X C,I�� X EHINO PLM T1
R
T6

m
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T1 x
3 + T2 y

3 + T3 x
2y + T4 xy

2 + T5 x
2

+T6 y
2 + T7 xy + T8 x + T9 y + T10 = 0.

j �kmLZQp

r U O[M Sla I � K GJIBMLMJEHCFO@][IBM X C8I�� X EHIBOQPLM T1
R
T10

� Sla EHO`][E X I
i

 U EdP
GL?�
 ?BGJIBO X I UeZ

ie
GLINMLMJCFGJPB�

KiIBM P S U G U Ed][I Z G�][I X I�GLINMLMLCeGJPu� S IBM X C8I�� X EHIBOQPLM
A
R
E
MLCeO P�][?�� O[EdM RTSba ?Nv Z[U P\EdCFO)j)N[mo�Fp m

T1 = C2(C2 − C1)Fy

+C2

n−k
∑

i=1

[

(C1 − C2)Bk+i + (B2 − B1)Ck+i +B1C2 −B2C1

]

Ki

j � m � p

T2 = D2(D1 −D2)Fx

+D2

n−k
∑

i=1

[

(D2 −D1)Ak+i + (A1 − A2)Dk+i + A2D1 − A1D2

]

Ki

j � m I �Fp

T3 = C2(C1 − C2)Fx+
[

(D2 −D1)C2 + (C2 − C1)D2

]

Fy

+
n−k
∑

i=1































C2(C2 − C1)Ak+i

+
[

(D1 −D2)C2 + (C1 − C2)D2

]

Bk+i

+
[

(A1 − A2)C2 + (B2 −B1)D2

]

Ck+i

+C2(B2 −B1)Dk+i

+(A2C1 − A1C2 +B1D2 − B2D1)C2

+(B1C2 −B2C1)D2































Ki

j � m I[I p

T4 = [(D1 −D2)C2 + (C1 − C2)D2

]

Fx+D2(D2 −D1)Fy

+
n−k
∑

i=1

























[

(D2 −D1)C2 + (C2 − C1)D2

]

Ak+i

+D2(D1 −D2)Bk+i +D2(A1 − A2)Ck+i

+
[

(A1 − A2)C2 + (B2 −B1)D2

]

Dk+i

+(A2D1 − A1D2)C2

+(A2C1 − A1C2 +B1D2 − B2D1)D2

























Ki

j � m I �ep
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T5 = C2(B1C2 −B2C1)Fx+ C2(B1 − B2)τ

+
[

(A2C1 − A1C2 + E2 − E1)C2 + (C2 − C1)E2

]

Fy

+
n−k
∑

i=1

























C2(B2C1 −B1C2)Ak+i

+
[

(A1C2 − A2C1 + E1 − E2)C2 + (C1 − C2)E2

]

Bk+i

+
[

(A2B1 − A1B2)C2 + (B2 −B1)E2

]

Ck+i

+C2(B2 −B1)Ek+i

+(B1E2 − B2E1)C2 + (B1C2 − B2C1)E2

























Ki

j � m I JFp

T6 =
[

(B1D2 − B2D1 + E1 − E2)D2 + (D1 −D2)E2

]

Fx

+D2(A2D1 −D2A1)Fy + (A2D2 −D2A1)τ

+
n−k
∑

i=1

























[

(B2D1 − B1D2 + E2 − E1)D2 + (D2 −D1)E2

]

Ak+i

+D2(A1D2 − A2D1)Bk+i

+
[

(A2B1 − A1B2)D2 + (A1 − A2)E2

]

Dk+i

+D2(A1 − A2)Ek+i + (A2E1 − A1E2)D2

+(A2D1 − A1D2)E2

























Ki
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T7 =
[

(B1D2 − B2D1 + E1 − E2)C2 + (B1C2 −B2C1)D2 + (C1 − C2)E2

]

Fx

+
[

(A2D1 − A1D2)C2 + (A2C1 − A1C2 + E2 − E1)D2 + (D2 −D1)E2

]

Fy

+
[

(B1 − B2)D2 + (A2 − A1)C2

]

τ

+
n−k
∑

i=1



















































[

(B2D1 − B1D2 + E2 − E1)C2

+(B2C1 −B1C2)D2 + (C2 − C1)E2

]

Ak+i

+
[

(A1D2 − A2D1)C2 + (D1 −D2)E2

+(A1C2 − A2C1 + E1 − E2)D2

]

Bk+i

+
[

(A2B1 − A1B2)D2 + (A1 − A2)E2

]

Ck+i

+
[

(A2B1 − A1B2)C2 + (B2 −B1)E2

]

Dk+i

+
[

(A1 − A2)C2 + (B2 −B1)D2

]

Ek+i

+(A2E1 − A1E2)C2 + (B1E2 − B2E1)D2

+(A2C1 − A1C2 +B1D2 − B2D1)E2



















































Ki

j � m I Kep
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T8 =
[

(B1E2 −B2E1)C2 + (B1C2 −B2C1)E2

]

Fx

+
[

(A2E1 − A1E2)C2 + (A2C1 − A1C2 + E2 − E1)E2

]

Fy

+
[

(A1B2 − A2B1)C2 + (B1 − B2)E2

]

τ

+
n−k
∑

i=1































[

(B2E1 −B1E2)C2 + (B2C1 −B1C2)E2

]

Ak+i

+
[

(A1E2 − A2E1)C2

+(A1C2 − A2C1 + E1 − E2)E2

]

Bk+i

+E2(A2B1 − B2A1)Ck+i

+
[

(A2B1 − A1B2)C2 + (B2 − B1)E2

]

Ek+i

+(B1E2 − B2E1)E2































Ki

j � m I MFp

T9 =
[

(B1E2 −B2E1)D2 + (B1D2 − B2D1 + E1 − E2)E2

]

Fx

+
[

(A2E1 − A1E2)D2 + (A2D1 − A1D2)E2

]

Fy

+
[

(A1B2 − A2B1)D2 + (A2 − A1)E2

]

τ

+
n−k
∑

i=1































[

(B2E1 −B1E2)D2

+(B2D1 − B1D2 + E2 − E1)E2

]

Ak+i

+
[

(A1E2 − A2E1)D2 + (A1D2 − A2D1)E2

]

Bk+i

+E2(A2B1 − B2A1)Dk+i

+
[

(A2B1 − A1B2)D2 + (A1 − A2)E2

]

Ek+i

+(A2E1 − A1E2)E2































Ki

j � m I Pep

T10 = E2(B1E2 − B2E1)Fx+ E2(A2E1 − A1E2)Fy + E2(A1B2 − A2B1)τ

+E2

n−k
∑

i=1





(B2E1 − B1E2)Ak+i + (A1E2 − A2E1)Bk+i

+(A2B1 − A1B2)Ek+i



Ki

j � m I ZFp
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��O K U GJP
][INM
?Bv Z U PLEHCFO[M j0N[m I JQp_��j0N[m I N p�INP j0N[m I KFp_�`MLCFE P

α(A1 − x) + λ(A2 − x) = Fx −
n−k
∑

j=1

(A∗

j − x)Kj(ρk+j − l)/ρk+j ,



P I

α(B1 − y) + λ(B2 − y) = Fy −
n−k
∑

j=1

(B∗

j − y)Kj(ρk+j − l)/ρk+j ,

α(C1x +D1y + E1) + λ(C2x +D2y + E2)

= τ −
n−k
∑

j=1

(C∗

j x +D∗

jy + E∗

j )Kj(ρk+j − l)/ρk+j .

C�� S INM
EHO[][E X INM
1
INP

2
][?BMJE g O[INOQP S IBM�][I Z�� X	� f S IBM
EdA K S EHv Z ?NM�] U O`M Sba ?Nv Z E S EHf[GJIem

��O@EdMLC S I�] a U fWCFGL]
λ
] U O`M X��[UeXBZ O`I ][INM�P\GLCeEHM�?Bv Z U P\EHCeO[M K GL? X ?B]`IBOQP\INM# 

λ =
Fx − α(A1 − x) −∑n−k

j=1 (A∗

j − x)Kj(ρk+j − l)/ρk+j

A2 − x

λ =
Fy − α(B1 − y) −∑n−k

j=1 (B∗

j − y)Kj(ρk+j − l)/ρk+j

B2 − y

λ =
τ − α(C1x +D1y + E1) −

∑n−k
j=1 (C∗

j x +D∗

jy + E∗

j )Kj(ρk+j − l)/ρk+j

C2x +D2y + E2

��O9? gQUeS I IBO`M Z E P\I R P\C Z GT][I G � S I S U K GLINAtEdiBGLI I_P S U ]`I Z�� EHiNAtI3][I X IBM ?Bv Z U P\EHCeO[M U cFI X3SHU
P\GJCFEHMJEHiNAtI�I_P�CFO3MLC SdZ P\EdCFO[O[I K C Z G α mz�^O PLGLC Z ceI

α =
(C2x+D2y + E2)Fx − (A2 − x)τ + Sj

(A1 − x)(C2x +D2y + E2) − (A2 − x)(C1x+D1y + E1)
,

U cFI X
Sj =

n−k
∑

j=1





(C∗

j x+D∗

jy + E∗

j )(A2 − x)

−(C2x +D2y + E2)(A
∗

j − x)



Kj

ρk+j − l

ρk+j

,

α =
(C2x +D2y + E2)Fy − (B2 − y)τ + Sj

(B1 − y)(C2x+D2y + E2) − (B2 − y)(C1x+D1y + E1)
,

U cFI X
Sj =

n−k
∑

j=1





(C∗

j x+D∗

jy + E∗

j )(B2 − y)

−(C2x +D2y + E2)(B
∗

j − y)



Kj

ρk+j − l

ρk+j

.
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 UeX P\I Z GLM@][I
x3, y3, x2y, xy2, x2, y2, xy, x, y

INP S IBMDP\INGLADIBM X CFO[MJP U OQP\M K C Z GtCFf`P\INO[EHG S INM X C8I�� X EdIBOQP\M T1R
T10

m
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T1 x
2 + T2 y

2 + T3 xy + T4 x+ T5 y + T6 = 0
jlwsm I p
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• V UeX P\I Z GLM
][I
x2

T1 = S4 cos φ + S5 sinφ
� �-7�� �

S4 = (b3 − b2)y1 + (b1 − b3)y2 + (b2 − b1)y3
� �-7�� �

S5 = (b3 − b2)x1 + (b1 − b3)x2 + (b2 − b1)x3
� �-7 � �

• V UeX P\I Z GLM
][I
y2

T2 = S4 cos φ + S5 sinφ
� �-7�� �

S4 = (a3 − a2)x1 + (a1 − a3)x2 + (a2 − a1)x3
� �-7�� �

S5 = (a2 − a3)y1 + (a3 − a1)y2 + (a1 − a2)y3
� �-7�� �

• V UeX P\I Z GLM
][I
xy

T3 = S4 cos φ + S5 sinφ
� �-7�� �

S4 = (b2 − b3)x1 + (a2 − a3)y1 + (b3 − b1)x2

+(a3 − a1)y2 + (b1 − b2)x3 + (a1 − a2)y3
� �-7�� �

S5 = (a2 − a3)x1 + (b3 − b2)y1 + (a3 − a1)x2

+(b1 − b3)y2 + (a1 − a2)x3 + (b2 − b1)y3
� �-7��	� �

• V UeX P\I Z GLM
][I
x

T4 = S1 cos2 φ + S3 cosφ sin φ + S4 cos φ + S5 sinφ + S6
� �-7�� ���

S1 =
[

(a1 − a2)x2 + (b1 − b2)y2 + (a3 − a1)x3 + (b3 − b1)y3

]

x1

+
[

(b1 − b2)x2 + (a2 − a1)y2 + (b3 − b1)x3 + (a1 − a3)y3

]

y1

+
[

(a2 − a3)x3 + (b2 − b3)y3

]

x2 +
[

(b2 − b3)x3 + (a3 − a2)y3

]

y2
� �-7��	� �

S3 =
[

(b1 − b2)x2 + (a2 − a1)y2 + (b3 − b1)x3 + (a1 − a3)y3

]

x1



ZFK

+
[

(a2 − a1)x2 + (b2 − b1)y2 + (a1 − a3)x3 + (b1 − b3)y3

]

y1

+
[

(b2 − b3)x3 + (a3 − a2)y3

]

x2 +
[

(a3 − a2)x3 + (b3 − b2)y3

]

y2
� �-7�� � �

S4 = (b1b3 − b1b2)x1 + (a1b2 + a3b2 − a1b3 − a2b3)y1

+(b1b2 − b2b3)x2 + (a2b3 − a2b1 + a1b3 − a3b1)y2

+(b2b3 − b1b3)x3 + (a3b1 + a2b1 − a3b2 − a1b2)y3
� �-7�� � �

S5 = (a1b2 + a3b2 − a1b3 − a2b3)x1 + (b1b2 − b1b3)y1

+(a2b3 − a2b1 + a1b3 − a3b1)x2 + (b2b3 − b1b2)y2

+(a3b1 + a2b1 − a3b2 − a1b2)x3 + (b1b3 − b2b3)y3
� �-7�� � �

S6 =
[

(a2 − a1)x2 + (b2 − b3)y2 + (a1 − a3)x3 + (b2 − b3)y3

]

x1

+
[

(b3 − b1)x2 + (b1 − b2)x3

]

y1

+
[

(a3 − a2)x3 + (b3 − b1)y3

]

x2 + (b1 − b2)x3y2
� �-7��	� �

• V UeX P\I Z GLM
][I
y

T5 = S1 cos2 φ + S3 cosφ sin φ + S4 cos φ + S5 sinφ + S6
� �-7�� � �

S1 =
[

(b2 − b1)x2 + (a1 − a2)y2 + (b1 − b3)x3 + (a3 − a1)y3

]

x1

+
[

(a1 − a2)x2 + (b1 − b2)y2 + (a3 − a1)x3 + (b3 − b1)y3

]

y1

+
[

(b3 − b2)x3 + (a2 − a3)y3

]

x2 +
[

(a2 − a3)x3 + (b2 − b3)y3

]

y2
� �-7�� � �

S3 =
[

(a1 − a2)x2 + (b1 − b2)y2 + (a3 − a1)x3 + (b3 − b1)y3

]

x1

+
[

(b1 − b2)x2 + (a2 − a1)y2 + (b3 − b1)x3 + (a1 − a3)y3

]

y1

+
[

(a2 − a3)x3 + (b2 − b3)y3

]

x2 +
[

(b2 − b3)x3 + (a3 − a2)y3

]

y2
� �-7�� � �

S4 = (a2b1 − a3b2 − a3b1 + a2b3)x1 + (a1a3 − a1a2)y1

+(a3b2 − a1b2 − a1b3 + a3b1)x2 + (a1a2 − a2a3)y2

+(a1b3 + a1b2 − a2b1 − a2b3)x3 + (a2a3 − a1a3)y3
� �-7�� � �

S5 = (a1a3 − a1a2)x1 + (a3b2 − a2b1 + a3b1 − a2b3)y1

+(a1a2 − a2a3)x2 + (a1b3 − a3b1 − a3b2 + a1b2)y2

+(a2a3 − a1a3)x3 + (a2b3 + a2b1 − a1b3 − a1b2)y3
� �-7�� ���

S6 =
[

(a3 − a1)y2 + (a1 − a2)y3

]

x1

+
[

(a2 − a3)x2 + (b2 − b1)y2 + (a2 − a3)x3 + (b1 − b3)y3

]

y1

+(a1 − a2)y3x2 +
[

(a3 − a1)x3 + (b3 − b2)y3

]

y2
� �-7�� � �
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• � IBGJAtINM X CFO[M P U OQPLM

T6 = S1 cos2 φ + S3 cos φ sinφ + S4 cos φ + S5 sinφ + S6
� �-7�� � �

S1 =
[

(a2a3 + b1b3 − b2b3 − a1a3)x2 + (a3b2 + a2b3 − a3b1 − a1b3)y2

+(a1a2 + b2b3 − b1b2 − a2a3)x3 + (a1b2 + a2b1 − a3b2 − a2b3)y3

]

x1

+
[

(a3b2 + a2b3 − a3b1 − a1b3)x2 + (b2b3 − a2a3 + a1a3 − b1b3)y2

+(a1b2 + a2b1 − a3b2 − a2b3)x3 + (a2a3 + b1b2 − a1a2 − b2b3)y3

]

y1

+
[

(a1a3 − b1b3 + b1b2 − a1a2)x3 + (a3b1 − a1b2 + a1b3 − a2b1)y3

]

x2

+
[

(a3b1 − a1b2 + a1b3 − a2b1)x3

+(b1b3 − b1b2 − a1a3 + a1a2)y3

]

y2
� �-7�� � �

S3 =
[

(a3b2 + a2b3 − a3b1 − a1b3)x2 + (b2b3 − a2a3 + a1a3 − b1b3)y2

+(a1b2 + a2b1 − a3b2 − a2b3)x3 + (a2a3 + b1b2 − a1a2 − b2b3)y3

]

x1

+
[

(b2b3 − a2a3 + a1a3 − b1b3)x2 + (a3b1 + a1b3 − a3b2 − a2b3)y2

+(a2a3 + b1b2 − a1a2 − b2b3)x3 + (a3b2 − a1b2 − a2b1 + a2b3)y3

]

y1

+
[

(a3b1 − a1b2 + a1b3 − a2b1)x3 + (b1b3 − b1b2 − a1a3 + a1a2)y3

]

x2

+
[

(b1b3 − b1b2 − a1a3 + a1a2)x3

+(a1b2 − a3b1 − a1b3 + a2b1)y3

]

y2
� �-7�� � �

S4 =
[

(a3b2 − a2b3)b1 + (b2 − b1)x2y3 +
(

(b1 − b3)x3 + (a3 − a2)y3

)

y2

]

x1

+
[

(a2b3 − a3b2)a1 +
(

(b3 − b2)x3 + (a1 − a3)y3

)

x2 + (a2 − a1)y2x3

]

y1

+(a1b3 − a3b1)b2x2 + (a3b1 − a1b3)a2y2

+(a2b1 − a1b2)b3x3 + (a1b2 − a2b1)a3y3
� �-7�� � �

S5 =
[

(a2b3 − a3b2)a1 + (a1 − a2)y3x2 +
(

(a3 − a1)x3 + (b3 − b2)y3

)

y2

]

x1

+
[

(a2b3 − a3b2)b1 +
(

(a2 − a3)x3 + (b1 − b3)y3

)

x2 + (b2 − b1)y2x3

]

y1

+(a3b1 − a1b3)a2x2 + (a3b1 − a1b3)b2y2

+(a1b2 − a2b1)a3x3 + (a1b2 − a2b1)b3y3
� �-7�� � �

S6 =
[

(a1a3 − a2a3)x2 + (a1b3 − a3b2)y2 + (a2a3 − a1a2)x3 + (a2b3 − a1b2)y3

]

x1

+
[

(a3b1 − a2b3)x2 + (b1b3 − b2b3)y2 + (a3b2 − a2b1)x3 + (b2b3 − b1b2)y3

]

y1

+
[

(a1a2 − a1a3)x3 + (a2b1 − a1b3)y3

]

x2

+
[

(a1b2 − a3b1)x3 + (b1b2 − b1b3)y3

]

y2
� �-7�� � �
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� D C � 	1P ��� K O J 	 � �)J � 	1P 	 � 
 L M 	-M0O�	1P

• η = 5

y = ax + b±
√
cx2 + dx+ e ����� I��

�
	��
��	
���������
���������
	 �����!���#"��$�%	��'&)('	��+*��,	��-*��%	��.���/�0���'�)��	
&
�$('�%*1�$���324	��5�/6 �
&
	7* 	��%��	8(�9:�;�'	
	 �����%2'�
	���(�9<�'�'	#2��$&
�$=4����	���(�9<�'�'	?>.@,2A	 &
=4����	��,(B9:�'�;	C(;&
���D��	7���E('	?(;	��5F-('&0���%�
	�� � �
>��$* �'�
('	 �E('�%GA��&0	��.���H�I@,2A	 �E('	J�,�'�$('&��3�������'	J��=5��	����'�E('	J* 	 �
�
	J���������
�����K	��L�-2'&
� �
	��.�
��	M('	
NO� . ���J2'���;�C(;� �P�������%��	RQ-��9S�$�;�'	�F5	UT �

• η = 4

y = ax + b +
c

x+ d
�O���WV �

�
	��
��	X� �,�'�����%���J	��0�C* 	����%	Y(�9<�'�'	X>.@524	�&0=A�$��	X*�	 ���
&
� 	Z	 �
(−d,−dx+ b)

('���.�#�%	��#�������3[
�
�����'�Z('	��-�$�L@,\]2;�
�$��	 �!�
�$���

x = −d 	 �
y = ax + b �_^ 9S�������;&
	`(;	a*�	 �0��	a>.@,2A	 &
=4����	

('� 2A	 �'(b(;	Z���E"��$�%	��'&#('�M*��,	��-*��%	��.�
c �?c �d�$�e���'\-��&0�$��	��4(;	UNO�$f ���Mg���&
�������%&
	��'��	 �C������[

�
&
	!�0	�* �
	��'&0�X('�h2'�i���h('� j��;���k2���&k��	 �k('	��,Fl�$�L@5\-2;�
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�D���'� 	��8(��$�'�o��	 �o�0	�* �
	��'&0� I 	 � JZ�
�

c > 0
	��
(����'�
�%	��8�
	�*���	 �'&
� V 	 � N

�0�
c < 0 �8c � c = 0

�'*1�$�#�%��\-�%��	��5��9:>.@,24	�&
=4���%	Y('��g�� �'p�&0	Z	 �J('	��5FM(;&
���D��	��?�0	��%���J��	��#('	 �5F
�$�L@,\]2;�
�$��	 � �

• η = 3

y = ax2 + bx + c ����� J �
�
	��
��	#� �,�'�����%���]	 �0�8*�	 ���%	?(�9:�;�'	#2��$&���=A���%	7('���.�8�q9:�3F5	?('	#�0@,\-� �
&
��	#	 �0�82��$&
�$���%p���	
QY�q9:�3F5	
Y

�����;�
�
a = 0

�'* 	����%	Y(�9<�'�'	X('&
�$�%��	Y(;	U24	��.�
	
b �

• η = 1

x = a �O��� N �
�
	��
��	X� �,�'�����%���e	 �0�C*�	 ���%	Y(�9:�;�'	X('&
���D��	k"$	�&0�
��*��$��	 �



Z �
� D � � � 	1H O:M � 	%K6O:M�� H 	%O 	%K6L 	 �IL � 	 	 � K 	 � H 	 � 	1P � �)J � 	1P

	 � 
 L M 	-M0O�	1P

^ �!N ��&
\-	Yg����;��&�����	Y(�9<�'�'	U�����$('&
�����%�,�;	Y	��0�n�i�!�0�'�%"��$�.�
	��

T1 x
2 + T2 y

2 + T3 xy + T4 x + T5 y + T6 = 0. �O��� K �
�k�`24	��;�8��&
�$�'�0N �$&
\-	�& *�	��
��	n���������
�����-	��]&
	 g�&
���;2��$�.�
(B9S�$=4��&0(`��	 � ��	�&0\]	 �o2'�$&o2;�'���0���$�'* 	

('	
y
�

T2y
2 + (T3x + T5)y + (T1x

2 + T4x+ T6) = 0. �O��� M �
�k� *P>'	�&0*P>'	E	��'�0�'�%�
	!Q`�%�
���%	�&

y
��j�� (B9:��=5��	��;��&C�'�'	�N ��&0\]	U	�F52'�%��* �%��	��A* 	��%��	�[ *�� ('� 2A	 �'(h('	

�i��"��$�%	��'&?(;	��C*��,	��-*��%	��.���
Ti ��� ������&0	X*1�$�#�
�$���C24���
�0��='�%	�� �

I � ∀Ti 6= 0 � *��$�#g����;��&���� �
�k�J�
���%�;���%���'�'	 �O��� M � 2A���;&

y
�;�
���D�

y =
−(T3x+ T5) ±

√

(T3x + T5)2 − 4T2(T1x2 + T4x + T6)

2T2
,

2'�;���?���M��=;�
��	��.�#�'�;	U� ���������%���J('	X�i�!N ��&0\]	
η = 5

���0���%�

y = ax + b±
√
cx2 + dx+ e ����� P �

('�$���C�%	��?*��,	��-* ��	��.�
�n�0���.���

a = − T3

2T2

, b = − T5

2T2

, c =
T 2

3

4T 2
2

− T1

T2

,

d =
T3T5

2T 2
2

− T4

T2

, e =
T 2

5

4T 2
2

− T6

T2

.



���

V5� T2 = 0, T3 6= 0

�k�J���0����	
y

(��$�'� ���Z� M �

y = −T1x
2 + T4x+ T6

(T3x + T5)
,

2'�;���?���M��=;�
��	��.�#�'�;	U� ���������%���J('	X�i�!N ��&0\]	
η = 4

���0���%�

y = ax + b +
c

x+ d
�O��� Z �

('�$���C�%	��?*��,	��-* ��	��.�
�n�0���.���

a = −T1

T3
, b = −a d− T4

T3
,

c = −b d− T6

T3

, d =
T5

T3

.

R � � ".��$6� �9@F� - � / $ 	
c = 0

^ 9<>�@,24	�&0=A���%	X('��g�� �'p�&0	Z	 �e(;	��5FJ(;&
���D��	��?�0	��%���e�%	��#�$�L@,\]2;�
�$��	 � �
� ���'�#*�	X*1�$� � �q9<���������
����� �O��� K � 24	��5�n6���&0	U� *�&0�%��	Y�0���'�C�i��N ��&0\]	

A(y − B) = 0 ����� �.�
���

A = T3x+ T5 B = −ax− b

�
	��
��	-�������3�����$� 	 �0�U"���&0�%j�� 	]24���'&
y = B

	 �U2A�$�'&
A = 0

	 �U���_��=;�
��	��.�U('���;*]('	 �5F
('&0���%�
	��?('�$���C�%	��?�������3�����$�'�#�
���.���

y = ax + b �O��� I��.�
x = −d �O��� I[I��

���J�%	��#*��,	��-*��%	��.���
a, b

	 �
d
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J � T2 = T3 = 0, T5 6= 0

�k�J���0����	k@a('�$�'� ����� M �

y = −T1x
2 + T4x+ T6

T5
,

2'�;���?���M��=;�
��	��.�#�'�;	U� ���������%���J('	X�i�!N ��&0\]	
η = 3
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y = ax2 + bx + c �O��� I V �
('�$���C�%	��?*��,	��-* ��	��.�
�n�0���.���

a = −T1

T5
, b = −T4

T5
, c = −T6

T5
.

N � T2 = T3 = T5 = 0
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	UQ

T1x
2 + T4x+ T6 = 0.

• T1 6= 0
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\-	
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x = a1
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x = a2 ���Z� I J �

� �
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−T4 +

√

T 2
4 − 4T1T6

2T1

,

a2 =
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√

T 2
4 − 4T1T6

2T1

.

• T1 = 0
�k�M���0����	

x
2A�$�'&#��=;��	 �'��&
�'�'	U���������
�����J('	X�i��N �$&
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• ����� T u � T �%����2;�
	 � η = 5
�

V �
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• ����� T V � � �$&���=A���%	Y��='�%�����'	Y���J>'��&0�
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η = 4
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η = 1
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	 * �
�����J"�	 &0���%*1�$�%	Y���;j'�'��	

� ���R� � ���'�#*�	 �0��	Z�$�'�'	 F5	$� �q9:�3F5	
Y

	��0�C�0�'2'24���
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η = 5 → y = ax + b±

√
cx2 + dx + e

^! #"%$& ('*)+ -,/.0"1$3254#6�.
73"86:9;2 s 6:.
2:7%,+<�6�9 \-2 9()=,/2>'*2�$1?A@*)/ -7*6CB*2�<�2:7D)+ (.
<=9�7E'*$A6CB*9(.F?G'*2
<+. g 7*2 � ± HI'*2:J- (7K,ML02N)/ ('3.
6O -LQP ^R2N,TS 2 2U'WV�$*732N,/2�L0L
2X"1$* ('*)/ Y,/.
"%$*2�'*Z 2 2�7*'�'*2UL[V\ -L
L
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L  6:9�$*)=@ 2 "%$*2 )+2 2 )+Z:<+2�7K,+2�7K, L02�< ,/)=9�.
<�6�912 s 6�.02�7K,/< <+9($*< L
2�)/ -'*.
6� (L � 6�2 ,+,/2 '*2:)+7*. p )=2 2 2�$;, � ,/)=2
$*7*2 2  ()/ -@ 9�L02 9�$ $*7*2 '*)+9�.F,/2-P���2 ,+,/2 6�9�$*)=@ 2�� <+9(.0, cx2 + dx + e � <+2�)+ U 2'2 2�L0Z�2 L
 X6:9�$*)+@ 2
L
. \ .F,C -,+.0J(2 � L  X"%$& -'*)/ -,+.
"%$*2I7*2 <+2:)/ �'3Z j 7*.02 "%$*2 2 9�$*) L  2 L  g 2I'*2 x 9�� 6�2 ,+,+2 6�9�$3)+@ 2 2�< ,2 9�<+.F,/.0J(2(P

c;. c 6= 0 �%L  6�9($*)+@ 2 L
. \ .0,/ -,/.FJ�2 2�< , $37*2 2  ()/ (@ 9�L02 '*9�7K, L
2:< 6�919�)+'*9(7*7*Z�2:< '3$I<=9 \]\ 2:, <+9�7K,
(xs, ys) 2 , '*9�7K, L
2�< )+ (6�.07*2�< <=9�7K, r1 2 , r2 P

xs =
−d
2c

, ys = e− d2

4c

r1 =
−d
2c

−
∣

∣

∣

√
d2 − 4ce

2c

∣

∣

∣ , r2 =
−d
2c

+
∣

∣

∣

√
d2 − 4ce

2c

∣

∣

∣

c;. c = 0 �&L  6:9�$*)+@ 2 L
. \ .F,C -,+.0J�2 2�< , $*7*2 '*)+9(.0,/2�'32 2 2�7K,+2 d P

�
	��
	��
c < 0

^! 6�9�$*)=@ 2�L0. \ .0,C Y,/.0J(2!2�<=,�$*732 2  ()/ (@ 9�L02 J�2:)+<�L
2 @& -<�'39�7K, L[V�9()+'*9�737*Z�2 '*$ <=9 \]\ 2:,!2:<=, 2 9�<+.F,/.0J(2(P
^! "1$* ('*)/ Y,/.
"%$*2 2:<=, '*9�7*6 $*732 2:L
L0. 2 <=2�'*Z j 73.
2�<+$3) x = [r1, r2] 2:, 6�2:7%,+)+Z:2 2:7 (xs, axs + b) P

�������������������! ��!"$#%�'&)(+*,�.-0/1"��2&�&3�$465!����78�9&8��4:5���;
� P�� P=<R2 6O (< 9�� ys ≤ 0 7 V�2:<=,?>+ A@I (.
<�)+2�736�9�7K,/)=Z 6� () L  "%$& ('3)/ -,+.
"%$*2�7*2 <+2:)/ (.F, 2  (< '*Z j 7*.
2-P

�
	��
	CB
c = 0

<! 6�9�$3)+@ 2 L
.D@ .0,/ -,/.FJ�2 2�< , $*7*2 '*)=9�.0,+2 '*9�7K, L
 J( -L
2�$3) d '*2 L  2 2�7K,+2 '3ZFE&7*.0)/ L02 ,TS 2 2 '*2 L
 
"%$& ('*)+ -,/.0"%$*2(P

• d 6= 0

<! X6:9�$*)=@ 2IL
.D@ .0,/ -,/.FJ�2 2:<=, $37*2 '*)=9�.0,+2I'32 2 2�7K,/2 d "1$3.�6�)=9�.
<=2IL[V\ ?32I'*2�<  (@*<=6�.
<=<+2:< 2�7
r = −e/d P?<! "1$* ('*)/ Y,/.
"%$*2 2�< , '*9�736 $*732 2  ()+ (@ 9�L
2�' V� Y?;2�'*2 <=SG@ Z:,+)+.
2 9�@*L0.
"%$*2 '*ZFE*7*.
2
<=$*) x = [r,+∞ <+. d > 0 �*9�$M<=$*) x = −∞, r] <=. d < 0 P
�����H�����%�I������ ��J"0#��'&)(+*,��KL/M"��N&�&3�$4:5����!78�9&3�O4:5��=;
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• d = 0

<! 6�9($*)+@ 2 L
. @I.F,C -,+.0J(2 2�<=, $37*2�'*)+9(.0,/2 B*9�)=. 	 9(7%,/ (L
2 2:, L
 "%$& ('*)+ -,/.0"%$*2 2�< , '*9�7*6�6:9�7*< ,/. �
,+$*Z�2 '*2 '*2:$;? '*)+9(.0,/2:< '*2 2 2:7K,/2 a � $*7*2 <+2�$3L
2�'*)=9�.0,+2�<+. e = 0 H P
��� "�7��2���� ��J"'5!�!�� �5 ���G5�� 4:5����!78�9&3�O4:5��G� ���$&)(+*,���+;
� P\� P <R2 6O (<I9�� e < 0 7 V 2�<=, >+ A@I (.
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'*Z E&7*.02(P

�
	��
		�
c > 0

<! 6�9($*)+@ 2NL
. @I.F,C -,+.0J(2 2�< , $*7*2 2  ()/ (@ 9�L02 J(2�)+< L02XB* ($3, '*9(7%, L  �J( -L
2�$3) '*2NL[V�9()+'*9�737*Z�2X'*$
<+9A@ @ 2:, '*Z E&7*.0)/ L
2 ,TS 2 2 '32 L
 "1$* ('*)/ Y,/.
"%$*2-P

• ys < 0

<R2 <+9�@�@I2 , '*2IL
 2  ()/ -@ 9�L02 2�<=, <+.F,/$*Z <+9($*< L[V\ ?32 '*2:< x 2 , L
 M"%$& -'*)/ -,+.
"%$*2 2�< , '*9�736
$*732 BKS 2 2�)+@ 9�L02 '3ZFE&7*.02 <+$*) x = −∞, r1] 2:, x = [r2,+∞ P
�����H�����%�I������ ��J"0#��'&)(+*,��
L/M"��N&�&3�$4:5����!78�9&3�O4:5��=;

• ys = 0

<R2 <+9�@�@I2 , '*2 L  2  ()+ (@ 9(L
2�2�< , <=.0,+$*Z 2 ?3 (6:,+2�@ 2�7K, <=$*) LQV� Y?;2 '*2:< x 2:, L  "%$& ('*)+ -,/.0"1$32
2:<=,M'*9�736U6�9�7*< ,/.F,/$*Z:2 '32U'*2�$;?�'*)+9�.F,/2:< <�V .
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2:<
Z:"1$* -,/.09�7*< <+9�7K,

y = (a+
√
c)x + (b+

d

2
√
c
)

�
� P u H
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√
c)x+ (b− d

2
√
c
)

�
� P��(H
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• ys > 0

<R2 <+9A@ @ 2:, '*2 L  2  ()/ (@ 9�L02 2�< , <+.0,+$*Z  ($ � '*2:<+<+$3< '32 LQV� Y?;2 '*2�< x 2:, L
 N"%$& ('*)+ -,/.0"1$32
2:<=,�'*9(7*6 $*732 BKS 2 2�)=@ 9(L
2 6:2�7K,/)=Z�2 2:7 (xs, axs + b) '*9�7K, L
2�< '*2�$1?N@*)+ (7*6CB*2:<�<+9�7K, $*7*2
 ($ � '*2:<+<+$3< '*2 L[V\ ($;,/)+2�2 , 6�9�7K,/.07%$*2�< 2�7 x P
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η = 4 → y = ax + b + c
x+d

• c 6= 0

<! "%$& ('*)+ -,/.0"%$*2�2�< , $37*2�BKS 2 2�)=@ 9(L
2�6�2:7K,/)+Z:2 2�7 (−d,−dx+ b) 2 , '*9�7K, L
2:< Z�"%$& -,+.
9�7*<
'*2:< '*2�$;?X -<=SG@ 2 ,/9(,+2�<��&$37*2�J�2�) ,/.06O (L02 2 , $*7*2 9�@*L0.
"%$*2A�;<+9�7K,��

y = ax + b
�
� P � H

x = −d �
� P � H
�����H�����%�I������ ��J"0#��'&)(+*,���L/M"��N&�&3�$4:5����!78�9&3�O4:5��=;

• c = 0

�  -7*< 6:2 6� (<�� LQV B%S 2 2�)=@ 9�L02 '*Z���Z:7	��)=2 2:7 '*2:$;?>'*)+9�.F,/2:< <=2�L09�7>L02�<  (<=SG@ 2 ,/9-,/2�< � J(9�.
) L
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9�7 � P3u H P
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� P � H P
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η = 3 → y = ax2 + bx + c

<! N"%$& ('*)+ -,/.0"1$32M4�,/)+9(.
< 6:9;2 s 6:.
2:7%,+< 2�< , 6�9�7K,/.07%$*2 2�7 x 2:, 2 2�$3, � ,/)=2 $*7*2 2  ()+ (@ 9(L
2 '39�7K,
LQV� Y?;2�'*2 <=SG@ Z:,+)+.
2 2:<=, J�2:)=,/.06O (LR9($ $37*2 '*)+9�.F,/2�'*2 2 2�7K,/2 b �&<+. a = 0 P

�������������������! ��!"$#%�'&)(+*,���
/1"��2&�&3�$465!����78�9&8��4:5���;
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η = 1 → x = a

<! "1$* ('*)/ Y,/.
"%$*2 4 $*7 6�912 s 6�.02�7K, 2�< , $*732 '3)+9�.F,/2 J�2:)=,+.
6O -L
2(P
�������������������! ��!"$#%�'&)(+*,��
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<R2 6� (L
6:$*LR'*2�< 2 9�.
7K,/< ' V .
7K,+2�)+<=2�6 ,/.
9(7X2:7%,+)+2 '*2�$;? "%$& -'*)/ -,+.
"%$*2:< '*Z 2 2:7*'�'32 L
 �
 9() @ 2 2 ? �2 L0.
6�.F,/2 '*2 6CB& (6:$*7*2 '*2 6:2�L0L
2�< � 6:.QPJ��B& (6:$*7*2�'32�< '3.
� Z�)+2:7K,/2�< 6�9�@ @*.
7& -.
<+9(7*<R<+2:)/ '39�7*6  (7& (LFS;<=Z�2-P
<R2�< )/ (6:.
7*2:< )+Z�2:L
L02�< '*$ 2 9(L0S17���@ 2�9�@3,+2�7%$ � "%$& ('*)=.
"%$*2A�&6:$*@*.0"1$32 9�$M"%$& ('3)/ -,+.
"%$*2 H)�&<�V .
L S

 L
.
2:$:�&'*9�737*2�)=9�7K, L
2:<  (@*<+6:.
<=<+2�< '*2�< 2 9(.
7K,/< ' V .
7K,/2:)+<=2�6:,+.
9�7�� 9�7 <+$3@*<=,+.0,/$32�)/ 6CB& (6:$*7*2 '*2 6�2:<
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v �



v��

<R2�< "1$* -,/)=2 '3.
� Z�)+2:7K,/2�< 
 9�)�@I2:< 2 ? 2 L0.
6�.F,/2:< ' V�$37*2 "%$& -'*)/ -,+.
"%$*2�<=9�7K, �

(1) η = 5, y = ax+ b±
√
cx2 + dx+ e

(2) η = 4, y = ax+ b+
c

x + d
(3) η = 3, y = a2x

2 + b2x + c2

(4) η = 1, x = x1

� 9�.
6:. LQV� (7& -L0S1<+2�'*2:< '*.
� Z�)=2�7K,/2:< 6:9�@ @*.07& (.
<=9�7*<:P

• � u H  OJ�2:6 � u H
� 7 2  () , '32

y = a1x + b1 ±
√

c1x2 + d1x + e1 = a2x + b2 ±
√

c2x2 + d2x + e2,

9�7M.0<+9�L02�L
2�)/ -'*.
6� (LW'*2 '*)=9�.0,+2
(a1 − a2)x+ b1 − b2 ±

√

c1x2 + d1x + e1 = ±
√

c2x2 + d2x+ e2,

9�7MZ:L �:J(2  -$ 6� ()+)=Z '*2 2  ()=, 2 , ' V\ -$3,/)=2






[

(a1 − a2)x + (b1 − b2)
]2

+ c1x
2 + d1x + e1

±2
[

(a1 − a2)x+ (b1 − b2)
]√
c1x2 + d1x+ e1







= c2x
2 + d2x + e2,

9�7M.0<+9�L02�L
2�)/ -'*.
6� (LW2 , <=2�<�
  (6:,+2�$*)=<
[

(a1 − a2)x+ (b1 − b2)
]2

+ c1x
2 + d1x + e1 − (c2x

2 + d2x+ e2)

= ±2
√
c1x2 + d1x + e1

[

(a1 − a2)x+ (b1 − b2)
]

,

9�7MZ:L �:J(2  -$ 6� ()+)=Z 4 739�$3J�2� ($
{[

(a1 − a2)x + (b1 − b2)
]2

+ c1x
2 + d1x+ e1 − (c2x

2 + d2x + e2)
}2

= 4(c1x
2 + d1x+ e1)

[

(a1 − a2)x+ (b1 − b2)
]2
,

2 $3.
< 9�7 )+2 ��)+9�$ 2 2�L02�< ,/2:) @ 2�< 2 9($*) E&7& (L02�@ 2�7K, 9�@3,+2�7*.0) $*7*2 "%$& ('*)=.
"%$*2 2�7 x �



vCv

Ax4 +Bx3 + Cx2 +Dx + E = 0,
��� P3u H

A =
[

(a1 − a2)
2 − c1 − c2

]2 − 4c1c2,

B = 2(c1 − c2)(d1 − d2) − 2(a1 − a2)
2(d1 + d2)

+4
[

(a1 − a2)
3 + (a2 − a1)(c1 + c2)

]

(b1 − b2),

C = −2(b1 − b2)
2(c1 + c2) + 2

[

3(b1 − b2)
2 − e1 − e2

]

(a1 − a2)
2

+2(e1 − e2)(c1 − c2) + (d1 − d2)
2 − 4(a1 − a2)(b1 − b2)(d1 + d2),

D = 2(e1 − e2)(d1 − d2) + 4(a1 − a2)(b1 − b2)
[

(b1 − b2)
2 − e1 − e2

]

−2(d1 + d2)(b1 − b2)
2,

E =
[

(b1 − b2)
2 − e1 − e2

]2 − 4e1e2.

• � u H  OJ�2:6 � ��H
� 7 2  () , '32

y = a1x + b1 ±
√

c1x2 + d1x + e1 = a2x + b2 +
c2

x+ d2
,

9�7M.0<+9�L02�L
2�)/ -'*.
6� (LW2 , 9(7 Z:L � J�2  ($M6O ()=)+Z
±
√

c1x2 + d1x + e1 = (a2 − a1)x+ b2 − b1 +
c2

x+ d2
,

c1x
2 + d1x + e1 =

[

(a2 − a1)x+ b2 − b1 +
c2

x + d2

]2
,

2 $3.
< 9�7 )+2 ��)+9�$ 2 2�L02�< ,/2:) @ 2�< 2 9($*) E&7& (L02�@ 2�7K, 9�@3,+2�7*.0) $*7*2 "%$& ('*)=.
"%$*2 2�7 x �

Ax4 +Bx3 + Cx2 +Dx + E = 0,
��� P ��H

A = (a2 − a1)
2 − c1,

B = 2d2

[

(a2 − a1)
2 − c1

]

+ 2(a2 − a1)(b2 − b1) − d1,

C = 2d2

[

2(a2 − a1)(b2 − b1) − d1

]

+ d2
2

[

(a2 − a1)
2 − c1

]

+2c2(a2 − a1) + (b2 − b1)
2 − e1,

D = d2
2

[

2(a2 − a1)(b2 − b1) − d1

]

+ 2d2

[

(b2 − b1)
2 − e1

]



u����

+2c2
[

d2(a2 − a1) + b2 − b1
]

,

E = d2
2

[

(b2 − b1)
2 − e1

]

+ 2d2c2(b2 − b1) + c22.

• � u H  OJ�2:6 � � H
� 7 2  () , '32

y = a1x + b1 ±
√

c1x2 + d1x+ e1 = a2x
2 + b2x+ c2,

9�7M.0<+9�L02�L
2�)/ -'*.
6� (LW2 , 9(7 Z:L � J�2  ($M6O ()=)+Z
±
√

c1x2 + d1x + e1 = a2x
2 + (b2 − a1)x + c2 − b1,

c1x
2 + d1x+ e1 =

[

a2x
2 + (b2 − a1)x + c2 − b1

]2
,

2 $3.
< 9�7 )+2 ��)+9�$ 2 2�L02�< ,/2:) @ 2�< 2 9($*) E&7& (L02�@ 2�7K, 9�@3,+2�7*.0) $*7*2 "%$& ('*)=.
"%$*2 2�7 x �

Ax4 +Bx3 + Cx2 +Dx+ E = 0,
��� P � H

A = a2
2,

B = 2a2(b2 − a1),

C = (a1 − b2)
2 − c1 + 2a2(c2 − b1),

D = 2(a1 − b2)(b1 − c2) − d1,

E = (b1 − c2)
2 − e1.

• � ��H  OJ�2:6 � ��H
� 7 2  () , '32

y = a1x + b1 +
c1

x+ d1
= a2x + b2 +

c2
x + d2

,

9�7M'*.0<=,+)+.
@3$*2�L
2:< '3Z�7*9�@ .
7* -,/2:$*)+<
(a1x+ b1)(x+ d1)(x+ d2) + c1(x+ d2) = (a2x+ b2)(x+ d1)(x+ d2) + c2(x+ d1),

2 $3.
< 9�7 )+2 ��)+9�$ 2 2�L02�< ,/2:) @ 2�< 2 9($*) E&7& (L02�@ 2�7K, 9�@3,+2�7*.0) $*7*2 6�$3@*.
"%$*2 2�7 x �



u�� u

Ax3 +Bx2 + Cx+D = 0,
� � P � H

A = a1 − a2,

B = b1 − b2 + (a1 − a2)(d1 + d2),

C = (a1 − a2)d1d2 + (b1 − b2)(d1 + d2) + c1 − c2,

D = (b1 − b2)d1d2 + c1d2 − c2d1.

• � ��H  OJ�2:6 � � H
� 7 2  () , '32

y = a1x+ b1 +
c1

x + d1
= a2x

2 + b2x+ c2,

9�7M'*.0<=,+)+.
@3$*2�L
2�'*Z:7*9�@ .
7& Y,/2�$3)
(a1x + b1)(x+ d1) + c1 = (a2x

2 + b2x+ c2)(x+ d1),

2 , 9(7 )=2���)=9�$ 2 2 L
2�< ,+2�)�@I2:< 2 9�$*) E*7& (L
2F@I2:7K, 9�@3,/2:7*.
) $37*2 6�$*@*.0"%$*2 �

Ax3 +Bx2 + Cx+D = 0,
� � P t�H

A = −a2,

B = a1 − a2d1 − b2,

C = (a1 − b2)d1 + b1 − c2,

D = (b1 − c2)d1 + c1.



u�� �

• � � H  OJ�2:6 � � H
� 7 2  () , '32

y = a1x
2 + b1x + c1 = a2x

2 + b2x+ c2

2 , 9(7 )=2���)=9�$ 2 2 L
2�< ,+2�)�@I2:< 2 9�$*) 9(@3,/2:7*.
) $*732 "%$& -'*)/ -,+.
"%$*2 �

Ax2 +Bx + C = 0,
��� P � H

A = a1 − a2,

B = b1 − b2,

C = c1 − c2. ��� P � H
• � u H � � ��H�9�$ � � H  J(2�6 � � H

� 7�<+$*@*< ,/.F,/$*2 ,/9($3, <+. @ 2 L02�@ 2�7K, L02�<  (@*<=6�.
<=<+2:<I'*2ML
 �'3)+9�.F,/2 '*2 � � H '& (7*< LQV Z�"%$& Y,/.
9(7
2 ? 2 L
.
6:.0,+2 '32 � u H � � ��H 9�$ � � H  �E&7X' V�9(@3,/2:7*.
)F� <:V�.0L!2�7N2 ?3.0<=,+2A� L
2�< 9�)+'39�7*7*Z:2�< 6:9�)+)=2�< 2 9�7 �
'& -7%,+2�<:P

� P�� P <! )+2:6CB*2�)=6CB*2�' V .
7K,/2:)+<+2:6:,+.
9�7*<�2�7K,/)=2 '*2�$1? "%$& ('3)/ -,+.
"%$*2�<�'*2 
 9�)�@I2 2 ? 2 L0.
6:.0,/2 � � H �16(V 2�<=, �
4 � '*.
)=2 '*2�$1? '*)+9�.F,/2:< J�2�) ,/.06O (L02�<��&732 '39�.0, Z J1.
'*2F@ @ 2�7K, 2  (< � ,+)+2 2�7K,+)+2 2 )+.
<=2(P
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u�� �
� ��� � �������
	���	���
������������������

� 7 2  ()=, '*$ <=S1< ,���@ 2 ' V�Z:"%$& -,/.09�7*< � � P u � H �3<=9�.0,

α1(A1 − x) + α2(A2 − x) + α3(A3 − x) + α4(A4 − x) + α5(A5 − x) = Fx,
��� P u H

α1(B1 − y) + α2(B2 − y) + α3(B3 − y) + α4(B4 − y) + α5(B5 − y) = Fy,
��� P���H

α1(C1 − z) + α2(C2 − z) + α3(C3 − z) + α4(C4 − z) + α5(C5 − z) = Fz,
��� P � H

α1(D1y + E1z + F1) + α2(D2y + E2z + F2) + α3(D3y + E3z + F3)

+α4(D4y + E4z + F4) + α5(D5y + E5z + F5) = τx,
��� P � H

α1(G1y +H1z + I1) + α2(G2y +H2z + I2) + α3(G3y +H3z + I3)

+α4(G4y +H4z + I4) + α5(G5y +H5z + I5) = τy,
��� P8t�H

α1(J1y +K1z + L1) + α2(J2y +K2z + L2) + α3(J3y +K3z + L3)

+α4(J4y +K4z + L4) + α5(J5y +K5z + L5) = τz.
��� P � H

� 7 )+Z�<=9�$*' L02 <=S1< ,���@ 2 6:9�7*<=,+.0,+$*Z '*2 6:.
7*" '*2:< Z�"%$& -,+.
9�73< 2 )=Z�6�Z:'*2�7K,+2�< 2 $*.
< 9�7 <=$*@*<=,+.0,+$*2
L
2:< α1 4 α5  -.
7*<=.R9�@3,/2:7%$*< '& -7*< L[V�Z:"%$& -,/.09�7M)+2:<=,C -7%,+2(P � 7 )+2 ��)+9($ 2 2 2�73<+$*.F,/2 L
2�< ,+2�) @ 2�< 2  -)2 $*.0<+<+ (7*6�2 '*2 x, y 2:, z P

� ��� �! 
�#"$������� 	#���%���&���(' 	*)+�� 
�#�����&,�
-� . /0�&�1 /�2�,#�����3�����#�

��" 45�$
76 �98����#��
�"$�&�

T1x
3 + T2y

3 + T3z
3 + T4x

2y + T5x
2z + T6xy

2 + T7xz
2

+T8y
2z + T9yz

2 + T10xyz + T11x
2 + T12y

2 + T13z
2

+T14xy + T15xz + T16yz + T17x+ T18y + T19z + T20 = 0
��� P � H

<R2�<�6�912 s 6�.02�7K,/< T1 4 T20 <=9�7K, @  (.07K,/2�7* (7K, 2 )+Z:<+2�7K,+Z�< �;6CB& (6:$*7 ' V 2�$1? 2�< , '3Z:J�2:L
9 2;2 Z <+9($*<

 9�)�@I2�' V $*7*2 <=9�@ @I -,+.
9�7 '* (7*< L  ("%$*2:L
L02



u��,t

∈ijklm=



















0 <=.R'*2�$1? '*2�< .
73'*.
6:2�< <+9�7K, Z��� ($;? ;
1 <=. ijklm 2:<=, $*7*2 2 2�)�@ $3,C Y,/.
9(7 2  (.
)=2�'*2 1, 2, 3, 4, 5;

−1 <=. ijklm 2:<=, $*7*2 2 2�)�@ $3,C Y,/.
9(7 .D@ 2  (.
)=2 '*2 1, 2, 3, 4, 5.

� 9�$3)IL02�< ,/2:) @ 2�< 7*2M6�9�@ 2 9�)=,/ (7K, "1$32X"%$& -,+)+2M6�912 s 6:.
2�7K,+<�� 9�7�<+$ 2'2 9(<+2 LQV .
7*'*.06�2 @I (7 �
"%$& (7K, 4 L
 E&7 P��  () 2 ?;2F@ 2 L02A� 2 9�$3) L
2 ,/2�)�@I2 ABCD �;9�7 .D@I ��.07*2 AiBjCkDlXm 9�� X 2�< ,
$*7 6�912 s 6�.02�7K, .D@I ��.07& (.
)=2 2 , m 2:<=, LQV .
7*'*.06�2 @I (7*"%$& -7%,�P

• �  (6 ,/2:$*)+< '*2 x3

T1 =
5
∑

i,j,k,l,m=1

∈ijklm











−(JiGjCkFl) Fy

+(JiGjBkFl) Fz

−(JiGjBkCl) τx











���:W�� 	

• �  (6 ,/2:$*)+< '*2 y3

T2 =
5
∑

i,j,k,l,m=1

∈ijklm











(DiKjCkIl) Fx

−(AiDjKkIl) Fz

+(AiDjKkCl) τy











���:W�� 	

• �  (6 ,/2:$*)+< '*2 z3

T3 =
5
∑

i,j,k,l,m=1

∈ijklm











−(BiLjHkEl) Fx

+(AiLjHkEl) Fy

−(AiBjHkEl) τz











���:W��	� 	
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• �  (6 ,/2:$*)+< '*2 x2y

T4 =
5
∑

i,j,k,l,m=1

∈ijklm









































(JiGjDkBlCm + JiGjCkFl) Fx

+





GiKjCkFl + JiDjCkIl

+GiDjLkCl + JiGjAkDlCm



Fy

+





GiBjKkFl + GiDjBkLl − JiDjBkIl

−JiGjAkFl − JiGjAkDlBm



Fz

+(JiGjAkCl − GiBjKkCl) τx

−(JiBjDkCl) τy

−(GiDjBkCl) τz









































���:W�� � 	

• �  (6 ,/2:$*)+< '*2 x2z

T5 =
5
∑

i,j,k,l,m=1

∈ijklm









































(JiGjBkClEm − JiGjBkFl) Fx

+





JiCjIkEl + GiLjCkEl − JiAjGkFl

+JiCjHkFl − JiGjAkClEm



Fy

+





GiBjLkEl − JiBjIkEl

−JiBjHkFl + JiGjAkBlEm



Fz

+(JiAjGkBl − JiBjCkHl) τx

+(JiBjCkEl) τy

−(GiBjCkEl) τz









































���:W��	� 	

• �  (6 ,/2:$*)+< '*2 xy2

T6 =
5
∑

i,j,k,l,m=1

∈ijklm









































−




GiKjCkFl + GiDjLkCl

+JiDjCkIl + GiDjBkKlCm



Fx

+(AiGjDkKlCm − DiKjCkIl) Fy

+





AiGjKkFl − DiBjKkIl − JiAjDkIl

−AiGjDkLl − AiGjBkDlKm



Fz

+(GiAjKkCl) τx

+(JiAjDkCl + DiBjKkCl) τy

+(AiGjDkCl) τz









































���:W�� � 	
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• �  (6 ,/2:$*)+< '*2 xz2

T7 =
5
∑

i,j,k,l,m=1

∈ijklm









































+





JiBjIkEl − GiBjLkEl

+JiBjHkFl + JiBjCkHlEm



Fx

+





GiAjLkEl − JiAjHkFl − JiAjIkEl

+LiCjHkEl − JiAjCkHlEm



Fy

+(JiAjBkHlEm + BiLjHkEl) Fz

−(JiAjBkHl) τx

+(JiAjBkEl) τy

+(AiGjBkEl − BiCjHkEl) τz








































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• �  (6 ,/2:$*)+< '*2 y2z

T8 =
5
∑

i,j,k,l,m=1

∈ijklm









































+





DiLjCkHl − KiCjIkEl − KiCjHkFl

−BiDjKkIl + BiDjKkClHm



Fx

+(AiDjKkIl − AiDjKkClHm) Fy

−




AiKjIkEl + AiDjLkHl

+AiKjHkFl + AiDjBkKlHm



Fz

−(AiKjCkHl) τx

+(AiKjCkEl − AiBjDkKl) τy

+(AiDjCkHl) τz








































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• �  (6 ,/2:$*)+< '*2 yz2

T9 =
5
∑

i,j,k,l,m=1

∈ijklm









































−




BiKjIkEl + LiCjHkEl + BiDjLkHl

+BiKjHkFl + BiKjCkHlEm



Fx

+





AiKjIkEl + AiDjLkHl

+AiKjHkFl + AiKjCkHlEm



Fy

+(AiBjKkHlEm − AiLjHkEl) Fz

−(AiBjKkHl) τx

+(AiBjKkEl) τy

+(AiCjHkEl − AiDjBkHl) τz








































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• �  (6 ,/2:$*)+< '*2 xyz

T10 =
5
∑

i,j,k,l,m=1

∈ijklm

































































+











JiDjBkIl − JiCjHkFl − JiCjIkEl

+GiBjDkLl − GiBjKkFl − JiLjCkEl

+GiBjHkClEm − JiDjBkClHm











Fx

+











JiAjDkIl + KiCjHkFl + KiCjIkEl

+AiGjDkLl − AiGjKkFl − DiLjCkHl

−GiAjKkClEm − JiAjDkClHm











Fy

+











BiKjIkEl + JiAjHkFl + JiAjIkEl

+BiKjHkFl − DiBjLkHl − GiAjLkEl

+JiAjDkBlHm − GiAjBkKlEm











Fz

+(JiAjCkHl + GiAjBkKl + BiKjCkHl) τx

+(JiAjBkDl − JiAjCkEl − BiKjCkEl) τy

+(AiGjBkDl − AiGjCkEl − BiDjCkHl) τz
































































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• �  (6 ,/2:$*)+< '*2 x2

T11 =
5
∑

i,j,k,l,m=1

∈ijklm





























+(JiGjBkClFm) Fx

+(GiLjCkFl + JiCjIkFl − JiGjAkClFm)Fy

+(GiBjLkFl − JiBjIkFl + JiGjAkBlFm)Fz

−(JiGjAkBlCm + JiBjCkIl + GiBjLkCl) τx

+(JiBjCkFl) τy

−(GiBjCkFl) τz




























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• �  (6 ,/2:$*)+< '*2 y2

T12 =
5
∑

i,j,k,l,m=1

∈ijklm





























+(DiLjCkIl − KiCjIkFl + BiDjKkClIm)Fx

−(AiDjKkClIm) Fy

+(AiBjDkKlIm − AiKjIkFl − AiDjLkIl)Fz

−(AiKjCkIl) τx

+(AiKjCkFl + AiDjLkCl + AiDjBkKlCm) τy

+(AiDjCkIl) τz





























���:W�� � 	



u�� v

• �  (6 ,/2:$*)+< '*2 z2

T13 =
5
∑

i,j,k,l,m=1

∈ijklm





























−(BiLjIkEl + BiLjHkFl + BiLjCkHlEm) Fx

+(AiLjIkEl + AiLjHkFl + AiLjCkHlEm) Fy

+(AiBjLkHlEm) Fz

−(AiBjLkHl) τx

+(AiBjLkEl) τy

−(AiBjIkEl + AiBjHkFl + AiBjCkHlEm) τz




























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• �  (6 ,/2:$*)+< '*2 xy

T14 =
5
∑

i,j,k,l,m=1

∈ijklm





















































+





GiBjKkClFm − JiCjIkFl − GiLjCkFl

+JiBjDkClIm − GiDjBkLlCm



Fx

+





KiCjIkFl − DiLjCkIl − GiAjKkClFm

−JiAjDkClIm − GiAjDkLlCm



Fy

+











BiKjIkFl − GiAjLkFl − DiBjLkIl

+GiAjBkDlLm + JiAjIkFl

+JiAjDkBlIm − GiAjBkKlFm











Fz

+(JiAjCkIl + GiAjLkCl + GiAjBkKlCm + BiKjCkIl) τx

−(JiAjDkBlCm + JiAjCkFl + BiKjCkFl + BiDjLkCl) τy

+(GiAjDkBlCm + GiAjCkFl + DiBjCkIl) τz




















































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• �  (6 ,/2:$*)+< '*2 xz

T15 =
5
∑

i,j,k,l,m=1

∈ijklm





















































+





GiBjLkClEm + JiBjIkFl − GiBjLkFl

+JiBjCkHlFm + JiBjCkIlEm



Fx

+











GiAjLkFl − JiAjIkFl + LiCjHkFl

−GiAjLkClEm + LiCjIkEl

−JiAjCkHlFm − JiAjCkIlEm











Fy

+





BiLjHkFl + BiLjIkEl − GiAjBkLlEm

+JiAjBkIlEm + JiAjBkHlFm



Fz

+(GiAjBkLl − JiAjBkIl + JiAjBkClHm + BiLjCkHl) τx

+(JiAjBkFl − JiAjBkClEm − BiLjCkEl) τy

+(GiAjBkClEm − GiAjBkFl − BiCjIkEl − BiCjHkFl) τz




















































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• �  (6 ,/2:$*)+< '*2 yz

T16 =
5
∑

i,j,k,l,m=1

∈ijklm





















































+











DiBjLkIl − BiKjIkFl − LiCjHkFl

−DiBjLkClHm − LiCjIkEl

−BiKjCkHlFm − BiKjCkIlEm











Fx

+





AiKjIkFl + AiDjLkIl − AiDjLkClHm

+AiKjCkHlFm + AiKjCkIlEm



Fy

+





AiBjKkHlFm − AiLjHkFl − AiLjIkEl

+AiBjKkIlEm − AiDjBkLlHm



Fz

+(AiBjKkClHm − AiLjCkHl − AiBjKkIl) τx

+(AiBjKkFl − AiBjDkLl − AiBjKkClEm + AiLjCkEl) τy

+(AiCjHkFl + AiCjIkEl + AiBjDkIl − AiBjDkClHm) τz




















































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uCuCu

• �  (6 ,/2:$*)+< '*2 x

T17 =
5
∑

i,j,k,l,m=1

∈ijklm





























+(GiBjLkClFm + JiBjCkIlFm) Fx

+(LiCjIkFl − JiAjCkIlFm − GiAjLkClFm) Fy

+(JiAjBkIlFm − GiAjBkLlFm + BiLjIkFl) Fz

+(JiAjBkClIm + GiAjBkLlCm + BiLjCkIl) τx

−(JiAjBkClFm + BiLjCkFl) τy

+(GiAjBkClFm − BiCjIkFl) τz




























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• �  (6 ,/2:$*)+< '*2 y

T18 =
5
∑

i,j,k,l,m=1

∈ijklm





























+(BiDjLkClIm − LiCjIkFl − BiKjCkIlFm) Fx

+(AiKjCkIlFm − AiDjLkClIm) Fy

+(AiBjKkIlFm + AiBjDkLlIm − AiLjIkFl) Fz

+(AiBjKkClIm − AiLjCkIl) τx

+(AiLjCkFl − AiBjKkClFm − AiBjDkLlCm) τy

+(AiCjIkFl − AiBjDkClIm) τz




























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• �  (6 ,/2:$*)+< '*2 z

T19 =
5
∑

i,j,k,l,m=1

∈ijklm





























−(BiLjIkFl + BiLjCkHlFm + BiLjCkIlEm) Fx

+(AiLjIkFl + AiLjCkHlFm + AiLjCkIlEm) Fy

+(AiBjLkHlFm + AiBjLkIlEm) Fz

+(AiBjLkClHm − AiBjLkIl) τx

+(AiBjLkFl − AiBjLkClEm) τy

−(AiBjIkFl + AiBjCkIlEm + AiBjCkHlFm) τz




























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• ��2�)�@I2:< 6�9�7*< ,C (7K,+<

T20 =
5
∑

i,j,k,l,m=1

∈ijklm











−(BiLjCkIlFm) Fx + (AiLjCkIlFm) Fy

+(AiBjLkIlFm) Fz + (AiBjLkClIm) τx

−(AiBjLkClFm) τy − (AiBjCkIlFm) τz










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