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M K ? X E� XBU P\EdCFO�O a INMJP 
 C Z GLO[EdIe� P\INA K MN� S CFO gFZ I Z GLMN� A U MJMLIBMN� ADCFADIBOQP\M�] a EHO[INGJP\EdIe� 
 CFG X IBMsINP�AtC �
ADIBOQP\Mx]`I 
 CFG X I�MLCFOQP
ADIBM Z GL?NM�IBO MLI X CFO`][Itj

s
p_�,Ati_P\GLITj

m
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i
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CFO3][?_cFI S C K[K I  

ρi = ‖ ( c + Qvi − pi ) ‖ ,

ρ2
i = ( c + Qvi − pi )

T ( c + Qvi − pi ) ,

ρ2
i = cTc + 2cTQvi − 2cTpi + (Qvi)

TQvi − 2pT
i Qvi + pT

i pi ,

ρ2
i = cTc + 2cTQvi − 2cTpi + vT

i vi − 2pT
i Qvi + pT

i pi .
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ρiρ̇i = cT ċ + (Qvi)
T ċ + cT Q̇vi − pT

i ċ − pT
i Q̇vi ,
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IBM P S I�P UeZ�� ][I^c U GLE U P\EHCeO ][I S U/S CFO gFZ I Z G�][I S U/S E U EdMLCFO
i
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 CFGJAtI^A U P\GJE X EHI SdS I
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A ρ̇ = Bt ,
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A =

























ρ1 0 0 0

0 ρ2 0m m m

0 ρn−1 0

0 0 0 ρn

























n×n

=





Aa 0

0 Ar



 ,
jl�8m KFp

(

Aa

)

k×k
=
][E Ueg

[ ρ1 . . . ρk ] ,
(

Ar

)

(n−k)× (n−k)
=
][E Ueg

[ ρk+1 . . . ρn ] ,

B =

























bT
1

bT
2mmm

bT
n−1

bT
n

























n× d

=







(

Ba

)

k× d
(

Br

)

(n−k)× d





 ,
jl�8m MQp

C��
d
IBM P S I�O`CFA/f[GJI�]`Is][I g GL?NM|][I S Edf INGJP\?�] Z A U O[E K Z[S U PLI Z G�I_P�C � S IBMzEHO[][E X INM a I_P r GJ?�
 iNGLIBOQPGLINM K I X P\EdceIBADIBOQP UeZ����������	��
�
������� I_P UYZ����������������� m
�	IBMzG U O g ?BIBM

bT
][I SHU A U PLGLE X I

B
INP S IxceI X PLI Z G

t
?NP U O Pz][E � ?NGLINO PLM K C Z G Z OtM � M P\iNAtI K S U O

INP Z O M � M P\iBADI�M K U P\E UYS � X I Z�� � X E�MLCFOQP�][?�� O[EHM UeZ�� ][I Z�� MLI X P\EdCFO[M
M Z E c U OQP\IBMNm



I �

� D�� ��� P O���� 	�
 L K)H
(d = 3)

r U O`M Z O@INM K UeX I R ][I Z�� ][EdAtINO[MLEdCFO[MB� S U A U P\GJE X Is][I�GLCeP U P\EdCFO IBM P

Q =





cosφ − sin φ

sinφ cosφ





jl�8m PFp

INP�M U ][?NGLE cF?BI K U G�G U K[K CFG P UeZ PLIBA K M

Q̇ = EQ φ̇
jl�8m ZQp

U cFI X

E =





0 −1

1 0



 .

� a ?Nv Z U P\EdCFO6jl�,mo�Fp�][I_c8EHIBOQP�][CFO X  

ρiρ̇i = cT ċ + (Qvi)
T ċ + cTEQviφ̇− pT

i ċ − pT
i EQviφ̇ ,

ρiρ̇i = (c + Qvi − pi)
T ċ + (c− pi)

TEQviφ̇ .
jl�8m � p

� U G U O g ?BI
bT

i

][I S U A U P\GJE X I
B
I_P S I�cFI X PLI Z G

t
]`I jb�,mLJQp�MLCFOQP S INM�M Z E c U OQP\M# 

bT
i 1× 3 =

[

(

c + Qvi − pi

)T (

(c − pi)
T EQvi

)

]

,
jl�,m I �Qp

t 3× 1 =
[

ẋ ẏ φ̇
]T

.
jl�,m I[I p



I[I
� D�� ��� P O���� 	 P�
 K O:M�K6L

(d = 6)

r U O`M Z O IBM K UeX I R PLGLCFEdM ]`EHADIBO[MJEHCFO[MN� S U A U PLGLE X ID][I GLCeP U P\EdCFO Q
INMJP Z O[I A U P\GLE X I

3 × 3CFG P � C g CFO UeS Iem  SHS I K I Z P��NPLGLI X CFO[M P\EdP Z ?BI R K U G P\EdG ][INMkEdO c U GJE U OQPLM O U P Z GJI S M ][I SHU GJCeP U PLEHCFO
v Z a I SHS I�GJI K GJ?BMJIBOQP\I^C Z R K U G P\EdG|][INM|PLGLCFEdM U O gFS INM�] a  Z[S INGBm�n U ][?BGJEdcF?NI K U GzG U K[K CeGJP UeZ P\INA K M
IBM P

Q̇ = ΩQ
jl�8m I �ep

U cFI X
ceI X P

(Ω) = ω

C��
ω
INMJP S I�cFI X P\I Z G ][IBM P\GLCeEHM X CeA K CFM U O PLIBM K GJEHO X E K UeS IBM	][I S U c8EdPLIBMJMLI U O gFZ[SHU EHGJI ][I Sla I�� I X P\I Z G

K U G�G U K[K CFGJP UYZ�� P\GJCFEHM U � INM
GLIBM K I X PLE
 M�] Z GLI K iBGJI ]`I f U MLIYm
� a ?Nv Z U P\EdCFO6jl�,mo�Fp�][I_c8EHIBOQP�][CFO X  

ρiρ̇i = cT ċ + (Qvi)
T ċ + cT (ω × Qvi) − pT

i ċ − pT
i (ω × Qvi),

ρiρ̇i = ( c + Qvi − pi )
T ċ +

(

Qvi × (c − pi)
)T

ω.
jl�,m I JQp

� U G U O g ?BI
bT

i

][I S U A U P\GJE X I
B
I_P S I�cFI X PLI Z G

t
]`I jb�,mLJQp�MLCFOQP S INM�M Z E c U OQP\M# 

bT
i 1× 6 =

[

(

c + Qvi − pi

)T (

Qvi × (c − pi)
)T

]

,
jl�,m I N p

t 6× 1 =
[

ċ T ω T
]T

=
[

ẋ ẏ ż ωx ωy ωz

]T

.
jl�,m I KFp
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n,I S CFO S I K GLEHO X E K I^] Z P\G U c U E S c8EHG P Z I S �[CeO K I Z P�? X GJEHGLI

−fT δρ = eT δx
j9J,m I p

U cFI X
fT =

[

f1 f2 . . . fn

]

I �



I J

C��
fi

INMJP S U P\IBO`MLEHCeO ] U O`M S U S E U EHMJCFO
i
I_P/C��

ρ
INP

x
MLCFOQPkGLIBM K I X PLEdcFINAtINOQP S I cFI X P\I Z G/]`IBM

S CeO gFZ I Z GLM ]`IBM X	� f S IBM�I_P S I�ceI X P\I Z Gz]`IBM X C8CFGL]`CFO[O[?NIBM XuU GJP\?NMLEdIBO[O[INM�j K CFMLE P\EHCeO/INP�CFGJEHINO P U P\EdCFO p
][I Sla I�� I X P\I Z GBm

r U O[M S I XBU M K S U O �

eT =
[

Fx Fy τ
]

=
[

m(c̈ + g)T Iφ̈
] j9J,mq�Fp

C��
Fx

�
Fy

INP
τ
MJCFOQP S IBM 
 CFG X IBM�I_P S I X C Z K S I U K[K S EHv Z ?NM K U G Sla IBO[MJIBA/f S I
][IBM X	� f S IBM�I_P�GJIBMLMJCFGJPLM

M Z G Sla I�� I X P\I Z GB�
g
INMJP S I|ceI X PLI Z G�] aoUeXNX ? S ?BG U P\EdCFO g G U c,E P U PLEHCFO`O[I SdS I�INP K CFEdO PLI�] U O[M S U ][EHGJI X P\EHCeO

O[? gQU P\E cFI�][I SbaoU � I
Y
j CFO X CFO[MJEH][iNGLI Z O K SHU O K U G UeSdS i S I R SHU g G U c8EdP\?up_� c̈ I_P φ̈ MLCFOQP�GLIBM K I X PLEdcFI��ADIBOQP S I ceI X PLI Z Gs] aoUYXBX ? S ?NG U PLEHCFO S EHO`? U EdGLI^INP S I M XBUeS U EdGLI�] a UeXBX ? S ?BG U P\EHCeO U O geZ[S U EdGLI�] Z#X IBOQP\GJI

][ITA U MLMJI/][I Sba I�� I X P\I Z G^INPB� IBO�� O ��A I_P��
MLCFOQP�GLINM K I X P\EdceIBADIBOQP S U A U MJMLI/][I Sba I�� I X PLI Z G^I_P
S I^ADCFADIBOQP
] a EHO[INGJPLEHI�][I X I SHZ E � X E K U G�G U K[K CFGJP R MJCFO X IBOQP\GJI ]`I A U MJMLIem

r U O[M S I XBU M
M K U P\E UYS �

eT =
[

Fx Fy Fz τx τy τz
]

=
[

m(c̈ + g)T (Iω̇ + ω × Iω)T
] j9J,m JQp

C��
Fx

�
Fy

�
Fz

�
τx
�
τy
I_P
τz
MJCFOQP S IBM 
 CFG X IBM�INP X C Z K S IBM U K[K S Edv Z ?BM K U G Sla IBO`MLIBAkf S I�]`IBM X	� f S INM

INP GJIBMLMJCFGJPLM�M Z G Sla I�� I X P\I Z GB�
g
IBM P S I/cFI X PLI Z G ] a UeXBX ? S ?NG U PLEHCFO g G U c,E P U PLEHCFO`O[I SdS Ie�

c̈
INP

ω̇
MJCFOQP

GLINM K I X P\EdceIBADIBOQP S IBM|ceI X P\I Z GLM�] a UeXBX ? S ?BG U P\EHCeO S EdO[? U EHGLI
I_Px] a UeXBX ? S ?BG U P\EHCeO U O geZ[S U EdGLI�] Z X IBOQP\GJI
][ITA U MLMJI/][I Sba I�� I X P\I Z G^INPB� IBO�� O ��A I_P��
MLCFOQP�GLINM K I X P\EdceIBADIBOQP S U A U MJMLI/][I Sba I�� I X PLI Z G^I_P
S I�PLIBO[MJI Z G�] a EHO[INGJPLEHI^][I X I SHZ E � X E K U G�G U K[K CFGJP R MLCeO X IBOQP\GJI ]`I A U MJMLIem

r I Sla ?Bv Z U PLEHCFO)jb�,m JFp_�[CFO K I Z P
? X GLEdGLI

δρ = A−1B δx
j9J,mLNQp

�O@M Z f[M P\EdP Z U OQP X I_PLP\I ?Bv Z U P\EHCeO ] U O[M j9J`m I p �[CFO3CFf`PLEHIBOQP

−fT A−1B δx = eT δx
j9J,m Kep

� Z EHMJv Z I X INPJP\I ][INGLO[EdiBGLIT?Nv Z U P\EdCFO ][CFE P �NPLGLI M U PLEHM�
 U EdPLI K C Z GsP\C Z P^cFI X P\I Z G ][I ][? K SHUeX INAtINOQP
XuU GJP\?NMLEdIBO

δx
� CFO K I Z P�? X GJEHGJI

−BTA−T f = e
j)J`m MFp



I N

r INM�?Nv Z[U P\EdCFO[M jl�,m KFp|I_Pkjl�,mLMQp�CFO M U E P�v Z I

BT =
[

BT
a BT

r

] j9J,m PFp

A−T = A−1 =





A−1
a 0

0 A−1
r





j9J,m ZQp

INP�CFO K I Z P UeS CFGLM�]`? X CeA K CFMLING S I^ADIBA/f`GLI�][I gQUeZ[X�� I ]`I j)J`mLMQp�][I S U 
 U . CFO M Z E c U O PLI  

BTA−T f = BT
a A−1

a fa + BT
r A−1

r fr
j9J,m � p

C��
fa
IBM P S I|ceI X P\I Z Gz]`IBM 
 CFG X IBM�] U O[M S IBM X#� f S INM INP

fr
� S I�cFI X P\I Z G�][INM 
 CFG X IBM�] U O`M S IBM�GLIBMJMLCFG P\MNm

� a ?Nv Z U P\EdCFO6j9J`mLMQp�][I_c8EHIBOQP�][CFO X

−BT
a A−1

a fa + er = e,
j9J,m I �Fp

er = −BT
r A−1

r fr
j9J`m I[I p

C��
er

INMJP S IxceI X P\I Z G�][INM|I�� CFG P\MN� 
 CeG X INM|I_PzAtCFADIBOQPLMB� U K[K S EHv Z ?NM K U G Sla IBO`MLIBAkf S I
][INM|GJIBMLMJCFGJPLM
M Z G Sba I�� I X PLI Z GNm

n,E S IBM X CFO[]`EdP\EdCFO[M�] � O U ADEHv Z INMsINP S UDX CFO � gFZ G U P\EHCeO�MLCeO P�][CFO[O[?NIBMN� S INM�cFI X PLI Z GJM
e
�
fr
I_P

er

MLCFOQP X CFO`O Z M�I_P
CFO@Cef`P\EdIBOQP � O UeS IBADIBOQP Z O[I�?Nv Z[U P\EdCFO@]`I SHU 
 CFGLADI

Wfa = h
j9J,m I �ep

U cFI X
Wd×k = −BT

a A−1
a

INP
hd× 1 = e − er

j9J`m I JQp

�	IBM ? S ?BADIBOQPLM�][I
h
X CeGLGLINM K CFO[][INOQP�][CFO X�UeZ�� 
 CFG X IBM I_P ADCFADIBOQP\M v Z Ix][CFE cFIBOQP g ?BO[?NGLING S INM

X	� f S INMxM Z G Sla I�� I X PLI Z G13 X INM�I�� CFGJPLM�MLINGJcFINOQP R EHO[] Z EHGLI S INM UeXBX ? S ?BG U P\EHCeO[M�][?NMLEdGL?BINM R/Sla I�� I X P\I Z G
INP R GLI K GLINO[][GJI S IBM�I�� CFG P\M
IBO g IBO[][GJ?BM K U G S INM�GLINMLMLCeGJP\MNm



I K
� D�� � �)J
	 	1P � K)H P L 	1P 	���� L 	1P
� C Z G/CFf`PLIBO[EdG

fa
��MLCFE P S IBM 
 CeG X INMT] U O[M S IBM X	� f S IBMN��CFO ][CFE P/MLC SHZ PLEHCFO[O`IBG Sba ?Nv Z U P\EdCFO"j)J`m I �Fp 3

][I Z�� MLE P Z U PLEHCFO`MxM Z G c8EHIBO`O[IBOQP	 

• w U M�EdMLCFM P U PLEHv Z IDj
k = d

p
� U MLC SdZ P\EdCFO IBM P Z O[EHv Z I�I_P�INMJP�CFf`PLIBO Z I K U G

fa = W−1h.
j9J`m I N p

• w U M �!� K IBGLM P U PLEHv Z I j k > d
p

� S I � EdMJPLI Z O[I�EHO � O`EdP\?^]`I MJC SHZ P\EHCeO[MBm
��O X�� CFEHMJEHG U�S U MLC SHZ PLEHCFO R O[CeGLADI�ADEHO`EHA UeS IYm�w�I SHS I�� X E K INGLADINP|][IsADEHO`EHADEHMLING S U O[CFGJAtI
][I

fa
INP�IBM P�Cef`P\INO Z I K U G

fa = WIh,
j9J`m I KFp

C��
WI

INMJP Sla EHOQcFINGLMJI g ?BO[?NG UeS EHML?NItj C Z K MJI Z ][C ��EHOQceIBGLMJI p�][I W
�`MJCFEdP

WI = WT (WWT )−1.
j9J`m I MQp

w�I_PLP\I�MLC SdZ P\EdCFO�O[I gQU G U O PLEdPtIBO>GJEHIBO�v Z I S INM X CFA K CFM U OQPLIBM ][I fa
MJIBGJCFOQP K CeMLEdPLEdceIBMB�

XYa INMJP"� R ��]`EHGLI SHU P\INO[MLEdCFO@] U O[M S INM X	� f S IBMNm

�	I K GLCef S iNAtI R MLC SHZ PLEHCFO[O`IBGxINO@GJ? UeS EdP\?sIBMJP�][CeO X  



















ADEHO[EdAtEdMLIBG
fT
a fa,

MLC Z M
∣

∣

∣

∣

∣

∣

Wfa = h
j IBv m8J`m I �Fp

,

fai ≥ 0 i = 1, 2, . . . , k.

j9J`m I PFp

� U GL?BMJC SHZ P\EHCeO ][I X I K GLCFf S iBADI^IBM P K CFMLMJEHf S I g G �YX I RDSHU K GLC g G U ADA U P\EHCeO v Z U ][G U P\Edv Z I
� I[I � I � �bm w�INPJP\I;P\I X�� O[Edv Z I K IBGJAtI_P * Z MJPLIBADIBOQP3] a C K PLEHADEHMLING Z O[I X IBG P U EdO[I 
 CFO X P\EHCeO
v Z U ]`G U PLEHv Z I
P\C Z P|IBO GLIBM K I X P U OQP Z O[I�ML?NGLEHI�][I X CFOQP\G U EHOQPLIBMB�8] a ? gQUYS EdPL?BM�INP�] a EHO[? gQUeS E P\?NMBm
r U O[M S I XuU M K GL?NMLINO PB� SHU 
 CFO X P\EdCFO R ADEHO`EHADEHMLINGsINMJP S U O[CFGJAtI ] Z cFI X P\I Z Gk][INM 
 CeG X INM
] U O[M S IBM X	� f S IBM�INP S INM X CFOQP\G U EHOQP\INM R GJIBM K I X P\INGsMJCFOQP Sla ?Bv Z U P\EHCeO@] a ?Bv Z E S Edf[GLItj9J,m I �ep
I_P
S I 
 U EdP�v Z I SHU 
 CeG X I^] U O[M X�� UeXBZ O@][INM X#� f S IBM
][CFE P �NPLGLI K CeMLEdPLEdceI^C Z O Z`SHS IYm



I M

}�CFE X E Z OTI � IBA K S Ix]`I XuUeSdXBZ[S ][IBM 
 CeG X INM�] U O[M S IBM X	� f S IBM K U G S U O[CFGLADIxADEHO[EdA UYS I�INP K U G SHU
K GJC g G U AtA U P\EdCFO v Z U ][G U PLEHv Z I K C Z G�][I Z�� PLG U *JI X P\CeEHGLINM X EHG XBZ[SHU EHGJIBM R CeGLEHINOQP U PLEHCFO X CFO[MJP U OQP\IYm
�	I�A U O[E K Z[S U P\I Z G Z P\E S EHMJ? K C Z G X IBM XBUeSHXNZ[S MN�YADCFOQP\GJ? RsSHU � gFZ GLI J`m I � U�Z O[I�A U MJMLI�]`I 10 kg

� Z O
ADCFAtINOQP�] a EHO[INGJP\EdI K U G�G U K[K CFGJP R MJCFO X IBOQP\GJI
][I
A U MJMLI�][I 10 kg ·m2

INP�MJCFO U G X�� E P\I X P Z GLI�IBM P
][?�� O[EHI R Sla ?Bv Z U PLEHCFO)j)J`m I ZQp_m|w�INM�][I Z�� P\G U *JI X P\CFEdGLINM�MJCFOQP�][?�� O`EHIBM K U G S I X IBOQPLGLI INP S I^G U � CFO
] a Z O X IBG XBS I U EHO`MLE v Z I SbaoU O gFS I j IBOtG U ][E U O[M\p�][I S U K CFMLE P\EHCeOD]`I Sba I�� I X P\I Z GzM Z G X I X IBG XBS IsINP|MLINM
][?NGLEdce?BINM K GLINAtEdiBGJIBM�INP�MLI X CFO[][INMB� MJCFEdP θ � ω INP α GLINM K I X P\EdceIBADIBOQPum�� a I � K GLINMLMLEdCFO U O UYS� P\Edv Z I][I S U K GLC g GJIBMJMLEHCeO@][I SbaoU O gFS I θ INO 
 CeO X PLEHCFO3] Z P\INA K M
INMJP K GL?NMLINO PL?BI R Sba ?Nv Z U P\EdCFO)j9J,m I � p_m

p1 =
[

1 0
]T

, p2 =
[

9 0
]T

, p3 =
[

10 5
]T

,

p4 =
[

9 10
]T

, p5 =
[

1 10
]T

, p6 =
[

0 5
]T

,

v1 =
[

−1 0
]T

, v2 =
[

1 0
]T

, v3 =
[

1 0
]T

,

v4 =
[

1 0
]T

, v5 =
[

−1 0
]T

, v6 =
[

−1 0
]T

.

j9J`m I ZQp
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V E gFZ GLI J`m I  z� U O[E K Z`S U PLI Z G K SHU O R MLE � X	� f S IBMNm



I P

θ(t) = At5 +Bt4 + Ct3
j9J`m I � p

U cFI X
A = 12π /t5f , B = −30π /t4f , C = 20π /t3f

C��
θ
IBM P�I � K GLEdAt?�IBO G U ][E U O`MxINP tf INMJP S I�PLIBA K MxP\CeP UeS ][I SHU PLG U *JI X PLCFEHGJIem

� U K GJIBADEHiBGJI�PLG U *JI X PLCFEHGJI/j � gFZ GJI J`mo�Fp_� X IBOQP\GJ?BI^IBO (5, 5)
�,INMJP X CFA K S i_P\IBADIBOQP RkSba EdO PL?BGJEHI Z G

][I Sla IBM K UeX I U PLP\INE g O U f S I^P U O[][EdMsv Z I SHU MJI X CeO[][I/P\G U *JI X P\CFEdGLI j � geZ GLI;J,mLN p � X IBOQP\GJ?BI/INO (1, 5)
�

][?Nf Z P\I I_P MJITP\IBGJAtEdO[I R Sla EHOQPL?BGLEdI Z Gs][I Sla IBM K UeX I U PJP\INE g O U f S I/A U EdM�IBO)MLCFG P�IBOQP\GJI t ≈ 1, 7 sINP
t ≈ 1, 9 s K Z EHMTINO PLGLI t ≈ 2, 5 s

INP
t ≈ 3, 3 s

m � C Z G X�� UeXBZ O[I3][IBMD][I Z�� P\G U *JI X P\CFEdGLIBMN�
Z O[I CFGLEdIBOQP U P\EHCeO

φ
][I

0◦
� Z O X IBG XBS I ][Ik�

m
][I G U	� CeO�INP Z O@PLIBA K M
P\CeP UeS tf ][I 5 s

CFOQPs?_P\?
Z PLE S EdML?NMBm

�	IBM � gFZ GJIBM�J`mLJ�I_PaJ,m KxADCFOQP\GLINOQP SHU K GLC g GLINMLMLEdCFO ][IBM 
 CFG X IBM�] U O`M S IBM UeX P\EHCeO[O[I Z GLM XuUeSdXBZ[S ?BINM
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[
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∑
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α(Bµ − y) + λ(Bν − y) = Fy −
n−k
∑

j=1

(Bk+j − y)Kj(ρk+j − lj)/ρk+j ,
j)N[m I N p

α(Cµx +Dµy + Eµ) + λ(Cνx+Dνy + Eν)

= τ −
n−k
∑
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• ��� ��UJ  � U G U f C S I�cFINGJP\E XuUeS I^C Z ][GLCeEdP\I^O`CFO ceIBG P\E XBUeS I

• ��� �� N  �� � K INGLfWC S I^][CeO P S IBM
][I Z�� f[G U O X�� IBM�MLCeO P Z O[I UeZ ��][INMLM Z M�][I SbaoUeZ P\GLI

• ��� �� K  �� � K INGLfWC S I U cFI X ]`EHM X CFOQP\EdO Z EdP\?^INO x
• ��� ��UM  �� � K INGLfWC S I U cFI XkU M � A K P\CePLI�ceIBG P\E XBUeS I

• ��� �� P  �]`GLCFE P\I�cFINGJPLE XuUYS I

N[m�y S EdAtEdO U PLEHCFOD][IBM�][C Z f S CFO`M
V Z MJEHCFO^][I�v Z U ][G U PLEHv Z INM ]`I�A��NAtI 
 CeGLADI I � K S E X E P\I I_P�][I�A �BADI�P � K IY� XYa INMJP"� R ��]`EHGLI�]`CFOQP
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R
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��INMJP K SHZ M K INPLEdP\I3v Z a Z O[I X INGJP U EHO[I S EdAtE P\I ε j ] U O[M SbaoUYSHg CFGJEdP � AtI Z P\E S EdML?e�

ε = 10−7
pzINP
][CFOQP S IBM K U G U ADiNPLGLIBM η INP t ][I Sba Z O`I�MLCFOQP
GJIBM K I X P\E cFIBADIBOQP�EH]`IBOQP\Edv Z IBM R

X I Z�� ][I SbaoUeZ P\GLIYm
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r I Z�� v Z U ][G U P\Edv Z IBM
Ψµ

INP
Ψν

MLINGLCFOQP�][CFO X 
 Z MJEHCFO`O[?BINM�MJE

λT λ < ε2 , ηµ = ην , tµ = tν
j K8m JQp

λ =
[

aµ − aν bµ − bν cµ − cν dµ − dν eµ − eν

]T

.
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X INPLPLI ?NP U K IYm w�I_PLP\I EdO 
 CFGLA U PLEHCFO#]`CFEdP UYZ MLMJE �_P\GJI X CFO[MJIBGJce?BI UeZ6X C Z GJM ]`I SHU ][Edc8EHMJEHCFO
][INM
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�	I f Z Ps]`I X I_PLPLI ?_P U K I INMJPs][I g ?BO[?NGLIBG Z O[I ML?NGLEHI ][I MLI X P\EdCFO[M�][Ikv Z U ]`G U PLEHv Z I Ω
m�w � UeXBZ O[I

][I X INM�MJI X P\EHCeO[M
MLIBG U ]`?�� O[EdI K U G Z O IBO[MJIBA/f S I�][I�][C Z 0NI K U G U Ati_P\GLINM X CFADAtI S I^M Z Edc U OQP	 

Ω = {η, a, b, c, d, e, ψ, δ, ζmin, ξmin, ζmax, ξmax}
j9K,mLNQp

C�� S INM
MLI K P K GLIBADEHINGLM K U G U ADiNPLGLIBM
MJCFOQP S IBM�A �BADIBM
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η = 5

INP
Ω K GLC c8EHIBOQP�][I S U f`G U O X�� I ] Z � UeZ P j + p ,

−1
MLE
η = 5

INP
Ω K GJC c,EdIBOQP�][I S U f[G U O X�� I�] Z f U M j − p ,

0
UeZ PLGLINAtINO P j

η 6= 5
p
,

j K8m KFp

UeZ PLGLINAtINO P�][E Pu�,MLE
η = 5

� S U MJI X P\EHCeO@MJIBG U K CFGJPL?BI K U G Sba ?Nv Z[U P\EdCFO

y = ax+ b + δ
√
cx2 + dx+ e.

j9K,mLMQp

ξmin

INP
ξmax

MLCFOQPTGJIBM K I X P\E cFIBADIBOQP S INM X C8CFGJ][CFO[O[?NIBM K GLEHO X E K UeS INMk][INMTf CFGJO[IBMTADEHO`EHA UeS ITI_P
A U � EHA UeS I ]`I SHU MJI X P\EHCeO m � U
X C8CFGL][CeO[O[?BI K GJEHO X E K UeS I X CeGLGLINM K CFO[] R
S U c U GJE U f S I�EHO[]`? K IBO[] U O PLI
][I SHU 
 CFGJAtI�I � K S E X E P\I�][I S U v Z[U ][G U P\EHv Z I  Z O[I U f[M X EHMLMJI^MLE η 6= 1

I_P Z O[IsCFGL][CeO[O[?BI^MJE
η = 1

m
V EdO UeS INAtINOQPu�

ζmin

I_P
ζmax

MLCFOQP S IBM^P � K IBM ][ItfWCFGJO[IBM�GLINO X CeO PLGL?NIBMkI_P K GLIBO`O[IBOQP S IBM^c UeS I Z GJM
M Z Edc U OQP\INM# 
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0
MLE
ξi
INMJP�� O[EdI

,

1
MLE
ξi
INMJP Z O[I U M � A K P\CYP\I�cFINGJPLE XuUYS IDj η = 4

p
,

2
MLE S U MJI X P\EHCeO@O a IBM P K U M
f CeGLO[?NI R X I_PLPLI I � P\GL?NAtE P\? .

ζ
MJIBG UtZ P\E S I RtSHU ]`?NP\INGLADEHO U P\EHCeO ] Z K CFEHOQP�At?N][E U O@I_P S CFGLM
][I S U GLI K GL?NMLIBOQP U P\EdCFO g G U K � Edv Z I

][I S U MJI X P\EHCeO m
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ξ
INMJP SHU X C,CeGL][CFO`O[?BI K GLEdO X E K UeS I ][I Sla EHOQP\INGLMJI X PLEHCFO:INP@C�� δ

INMJP S I6A �BADI v Z aoR
Sba ?Nv Z[U P\EdCFO@j K,m KFp�INP K GLINO[] SHU c UeS I Z G 1

� −1
C Z

0
MLI S CFODv Z I

η = 5
I_P�v Z I Sla EHOQP\INGLMJI X PLEHCFO

U K`K U GJPLEHINO P RTSHU f`G U O X�� I ] Z � UYZ P�][I S U v Z U ][G U P\Edv Z I�C Z RDX I SHS I�] Z f U MNm

�,m � CFEHOQP\M S EHADEdP\INM
� C Z G S IBM�v Z U ]`G U PLEHv Z IBM�][I 
 CFGJAtI

η = 4
C Z
η = 5

� CFO U *JC Z PLI UeZ�� K CeEHOQP\M�] a EHOQP\INGLMJI X PLEHCFO
CFf,P\IBO Z M K GL? X ?B][INAtADIBOQP j ?NP U K I I p �`][INM K CeEHOQP\M S EHADEdPLIBM X CFGJGLINM K CFO[] U OQP R/SbaoU M � A K PLCeP\I
ceIBGJPLE XBUeS ITMJE

η = 4
INP UeZ�� G UeX EdO[IBM�GJ?BI SdS INM^][I S U X C Z GLfWI S EHADEdP U P\E cFI�MLE

η = 5
��MJCFEdP

r1I_P
r2
][I S U MJI X P\EHCeO;�m I m�� a IBO`MLIBAkf S I/]`I X INM K CeEHOQP\MN� K CFEHOQP\M�] a EHOQP\INGLMJI X PLEHCFO;I_P K CFEHOQPLM

S EHADEdP\INMB�8MLCFOQP S INM K CeEHOQP\M�][I�][EdM X CFOQP\EHO Z E P\?^] a Z O[I v Z U ][G U P\Edv Z Iem

J`m�n,? K U G U P\EdCFO3][IBM K CFEHOQP\M�]`I ]`EHM X CFOQP\EdO Z EdP\?^]`IBM�f[G U O X�� IBM�] Z � UeZ P
I_P�] Z f U Mkj MLE η = 5
p

�	IBM K CFEHOQPLM S EHADEdPLIBMk]`CFEdceIBOQP R)SHU 
 CeEHM�
 U EdGLI K U GJP\EdI ][IBM K CFEHOQP\MT]`I@][EdM X CFOQP\EHO Z E P\? ][INM
f[G U O X�� INM�] Z � UYZ P�INP
] Z f U MNm

N[m�y S EdAtEdO U PLEHCFOD][IBM�][C Z f S CFO`M
V Z MJEHCFO1][I�][I Z�� K CFEdOQP\MD][I#][EdM X CeO PLEHO Z E P\? X CFO 
 CeO[] Z Mt] a Z O[I#v Z U ][G U P\Edv Z I�C Z ] a Z O[I
f[G U O X�� I ][I v Z U ][G U P\Edv Z I;j ] U O[M SbaoUYSHg CFGJEdP � AtI Z P\E S EHMJ?e� ][I Z�� K CFEHOQPLMk][I ]`EHM X CFOQP\EdO Z EdP\?
][EdMJP U OQP\M
][I�AtCeEHO[Mx]`I
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MJCFOQP X CFO[MJEH][?NGL?NM X CFAtADI X CFO 
 CFO[] Z M p mx��O3][CFE P
f[EHINO 
 U EHGLI

U PJP\INO PLEHCFO R9X CFO`MLIBG cFING S IBM K CeEHOQP\M S EdAtE P\INM INP R O[I K U M X CeA K U GLIBG ]`I Z�� K CFEHOQPLM ][I
][EdM X CFOQP\EHO Z E P\? U K`K U GJPLIBO U O P R ][I Z�� f[G U O X�� IBM�][E � ?NGLIBOQPLIBMBm

K,m���GL]`CFO[O U O X IBADIBOQP�][INM K CFEHOQPLM�][I�][EHM X CFOQP\EdO Z EdPL?
�	IBM K CeEHOQP\M�][It][EHM X CFOQP\EdO Z EdPL?D]`I X�� U v Z I v Z U ][G U P\Edv Z Ie��C Z ][I X�� U v Z I f`G U O X�� Ie��MJCFOQP
XNS U MJML?BM
INO@CFGJ][GLI X GLCFEdMLM U O P�][I S I Z G X C,CFGJ][CFO[O`?BI K GLEdO X E K UeS Iem
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• ��� �� I  � SdS E K MLI
��O X GJ?BI

i+ 2
MLI X PLEHCFO[MN�[P\C Z P\IBM�� O[EdIBMNm

• ��� ��"�  � U G U f C S I^CFf S EHv Z I�C Z � CFGJE 0NCFOQP UeS I
��O X GL?NI
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I � P\GL?NAtE P\?Ym

• ��� ��UJ  � U G U f C S I�cFINGJP\E XuUeS I^C Z ][GLCeEdP\I^O`CFO ceIBG P\E XBUeS I
��O X GL?NI

i + 1
MJI X PLEHCFO	j M p m n,E

i = 0
� S U MJI X PLEHCFO)IBM PkEdO � O[EdI 3 MLE

i > 0
� S INM ]`I Z��

MJI X P\EHCeO[M�I � P\G �NAtINM
O[I�MLCFOQP�f CeGLO[?NIBM�v Z aoR Z O[I�I � PLGL?BADEdPL?em

• ��� �� N  �� � K INGLfWC S I^M U O[M�][EHM X CFOQP\EdO Z EdPL?^IBO x��O X GL?BI
i + 2

MLI X PLEHCFO[MNm)n,E
i = 0

� S IBM ][I Z�� MLI X PLEHCFO[MkMLCFOQPTEdO � O[EdIBM 3�MJE
i = 1

�
Z O[IsMJI X PLEHCFOtIBM PxEHO�� O[EHI
I_P S IBMz][I Z�� UeZ P\GLINM�O[I�MLCFOQP|f CeGLO[?NIBM�v Z a RkZ O`I�I � PLGL?NAtE P\? 3
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i > 1
� P\GLCeEHM�C Z v Z U PLGLI/][INM�MLI X PLEHCFO[M�CFOQPu� UeZ K SdZ MB� Z O[I/fWCFGJO[I
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f[G U O X�� I
][I S U v Z U ][G U P\Edv Z I
C Z M Z G S IBM�]`I Z�� m

• ��� �� K  �� � K INGLfWC S I U cFI X ]`EHM X CFOQP\EdO Z EdP\?^INO x��O X GL?NI
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MLI X P\EdCFO[M13 S INM|v Z U P\GLI�MLI X P\EdCFO[MzI � P\G"�BADIBM|O[IsMJCFOQPxfWCFGLO[?NIBM|v Z aoR Z O[I
I � P\GL?NAtE P\?Ym

• ��� ��UM  �� � K INGLfWC S I U cFI XkU M � A K P\CePLI�ceIBG P\E XBUeS I
��O X GJ?BI
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I_P S IBM�][I Z�� MLI X PLEHCFO[M�I � P\G"�BADIBMN� S INM�A �BADIBM�MLE
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�WO[IkMJCFOQP�fWCFGLO`?BIBM�v Z aoRtZ O[I
I � P\GL?NAtE P\?Ym

• ��� �� P  �]`GLCFE P\I�cFINGJPLE XuUYS I
��O X GL?NI

i + 1
MJI X PLEHCFO	j M p m�n,E

i = 0
� SHU MJI X P\EHCeO@INMJP�EHO � O`EHI�INPB� MLE

i > 0
� S INM�]`I Z��

MJI X P\EHCeO[M�I � P\G �NAtINM
O[I�MLCFOQP�f CeGLO[?NIBM�v Z aoR Z O[I�I � PLGL?BADEdPL?em
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• y�v Z E S EHf`GLI R ][I Z�� X	� f S IBM
�	I^cFI X P\I Z G

h
IBMJP�] U O[M S I K SHU O3][?�� O`E K U G
][I Z�� ][IBM
cFI X PLI Z GJMs][EdGLI X P\I Z GLMNm

� Z[XBZ O UeZ P\GJI�ceI X P\I Z G�][EdGLI X P\I Z G�O[I K I Z P|MLI�GLINPLGLC Z cFIBG|] U O[M X I�A��NAtI K SHU O � M U O[M|v Z CeE
X I S UTX CFGLGJIBM K CFO[]`G U E P UeZ MLMJE RDZ O[I�MLEHO gFZ[S U GLEdPL?em

• n8EHO gFZ`S U GJEdP\?
� GLCFEdMxcFI X P\I Z GLM�][EHGJI X P\I Z GLM
MLCFOQP X C K S U O U EHGJIBMBm

h
O[I K I Z P �NP\GJI UYZ MLMJE X C K S U O U EHGJI U cFI XkX IBM
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][G U EdP UeZ MLMJE R Z O@?Nv Z E S Edf[GLI R ]`I Z�� X#� f S INMBm
 �,X I K P\EdCFO  h

MLIBG U O[? X IBMJM U EdGLIBADIBOQP X C K S U O U EHGJI R X IBM P\GJCFEHMDcFI X P\I Z GLM ][EHGJI X P\I Z GLM MJE
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�	IBM U MLMLINGJPLEHCFO[M K GJ? X ?N][IBOQPLIBM MLCeO Pt] a Z O[I@EHA K CFG P U O X I X G Z[X E UeS I K C Z G S U c UeS Ed] U PLEHCFO ][INM
MLI X PLEHCFO[MNm

� CFEdOQP�EHA K CFG P U OQPB� MLE SHU MLI X P\EdCFO K GLC c8EHINOQP ] a Z O`IDv Z U ][G U PLEHv Z I 
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ε
m � U G�I � IBA K S IY� χ = a

][CFEdP �_P\GLI EHOQPLIBG K GL?NPL? X CFAtADI |χ− a| < εINP
χ ≥ a

X CeAtADI
χ ≥ a− ε

m r U O[M Sla UeSdg CFGLE P � ADI Z P\E S EHMJ?e� S U A U G g I^] a INGLGJI Z G
IBM Ps]`I
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ẇi = λ

(

∆x
∂wi

∂x
+ ∆y

∂wi

∂y

) j K,mo� JQp

C��
λ
IBM P Z O 
 UYX P\I Z G
v Z E	][? K IBO`]�][I S U c8E P\IBMJMLI ] Z ][? K SHUeX INAtINOQPum

� U c8EdPLIBMJMLI ] Z ][? K S UYX IBADIBOQP@?NP U OQP U GJf[EdPLG U EdGLIY��MJI Z[S I SHU ]`EHGLI X PLEHCFO"EHA K CFGJPLI 3�CFO K I Z P
MLEdA K S E�[IBG X I_PLPLI I � K GJIBMJMLEHCeO IBO K CFM U O P λ =

√
m2 + 1 K C Z G Z O[ItMLI X P\EdCFO O[CeO cFINGJP\E XuUeS ItI_P

λ = 1 K C Z G Z O`I MJI X P\EHCeO ceIBGJPLE XBUeS IYmz�^O3CFf,P\EHINOQP
][CFO X � MLI S CFO S I XuU M# 
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K U G UeSHS i S I R nj

m
� U � gFZ GLIGK,mLJ K INGLADINP�][I/c8EHM Z UeS EHMLING Sla I�� INP�][IBM�][I Z�� X CeA K CFM U O PLIBM�][I ẇµ
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T1 x
2 + T2 y

2 + T3 xy + T4 x+ T5 y + T6 = 0
j �km I p

T1 = Fy

[

(y1 − y2) cosφ+ (x1 − x2) sinφ
] j � mq�ep

T2 = Fx

[

(x1 − x2) cosφ+ (y2 − y1) sinφ
] j � m JFp

T3 = Fx

[

(y2 − y1) cosφ+ (x2 − x1) sinφ
]

+Fy

[

(x2 − x1) cosφ+ (y1 − y2) sinφ
] j � mLNQp

T4 = Fx

[

(y1b2 − b1y2) cosφ+ (b2x1 − b1x2) sinφ
]

+Fy

[

[(a2 + a1)(y2 − y1) + b1x1 − b2x2] cosφ

+[b2y2 − b1y1 + (a1 + a2)(x2 − x1)] sinφ+ y1x2 − x1y2

]

+τ
[

(y1 − y2) cosφ+ (x1 − x2) sinφ+ b2 − b1
] j � m Kep

T5 = Fx

[

[(b1 + b2)(x2 − x1) − a2y2 + a1y1] cosφ

+[a1x1 − a2x2 + (b1 + b2)(y1 − y2)] sinφ− y1x2 + x1y2

]

+Fy

[

(x1a2 − a1x2) cosφ+ (a1y2 − y1a2) sinφ
]

+τ
[

(x2 − x1) cosφ+ (y1 − y2) sinφ+ a1 − a2

] j � m MFp

T6 = CxFx + CyFy + Cττ
j � m Pep

C��

Cx =
[

(b2 − b1)(y1x2 + x1y2) + (a1 − a2)(y1y2 − x1x2)
]

cos2 φ

+
[

(a1 − a2)(x1y2 + y1x2) + (b2 − b1)(x1x2 − y1y2)
]

sinφ cosφ

+
[

b2(b1x1 − a1y1) + b1(a2y2 − b2x2)
]

cosφ

+
[

b1(b2y2 + a2x2) − b2(b1y1 + a1x1)
]

sinφ

+x2(b1y1 + a1x1) − x1(b2y2 + a2x2)

Cy =
[

(a2 − a1)(y1x2 + x1y2) + (b1 − b2)(x1x2 − y1y2)
]

cos2 φ

+
[

(b2 − b1)(x1y2 + y1x2) + (a1 − a2)(y1y2 − x1x2)
]

cosφ sinφ

+
[

a2(a1y1 − b1x1) + a1(b2x2 − a2y2)
]

cosφ

+
[

a2(b1y1 + a1x1) − a1(b2y2 + a2x2)
]

sinφ
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+y2(a1x1 + b1y1) − y1(b2y2 + a2x2)

Cτ = (a1y2 + x1b2 − y1a2 − b1x2) cosφ

+(b1y2 − x1a2 + a1x2 − y1b2) sinφ

+a2b1 − x1y2 − a1b2 + y1x2
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��O K U GJP
][INM
?Bv Z U PLEHCFO[M j0N[m ZFp_��j0N[m � p�INPkj)N[m I �Qp �[MLCeEdP

α(A1 − x) + (1 − α)(A2 − x) = λFx ,

α(B1 − y) + (1 − α)(B2 − y) = λFy ,

α(C1x +D1y + E1) + (1 − α)(C2x+D2y + E2) = λτ .

C�� S INM
EHO[][E X INM
1
INP

2
][?BMJE g O[INOQP S IBM�][I Z�� X	� f S IBM
EdA K S EHv Z ?NM�] U O`M Sba ?Nv Z E S EHf[GJIem

��O@EdMLC S I�] a U fWCFGL]
λ
] U O`M X��[UeXBZ O`I ][INM�P\GLCeEHM�?Bv Z U P\EHCeO[M K GL? X ?B]`IBOQP\INM# 

λ =
α(A1 − x) + (1 − α)(A2 − x)

Fx

,

λ =
α(B1 − y) + (1 − α)(B2 − y)

Fy

,

λ =
α(C1x +D1y + E1) + (1 − α)(C2x +D2y + E2)

τ
.

��O9? gQUeS I IBO`M Z E P\I R P\C Z GT][I G � S I S U K GLINAtEdiBGLI I_P S U ]`I Z�� EHiNAtI3][I X IBM ?Bv Z U P\EHCeO[M U cFI X3SHU
P\GJCFEHMJEHiNAtI�I_P�CFO3MLC SdZ P\EdCFO[O[I K C Z G α mz�^O PLGLC Z ceI

α =
(A2 − x)τ − (C2x +D2y + E2)Fx

(A2 − A1)τ + (C1x +D1y + E1 − C2x−D2y − E2)Fx

,

α =
(B2 − y)τ − (C2x +D2y + E2)Fy

(B2 − B1)τ + (C1x +D1y + E1 − C2x−D2y − E2)Fy

.
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T1 x
3 + T2 y

3 + T3 x
2y + T4 xy

2 + T5 x
2

+T6 y
2 + T7 xy + T8 x + T9 y + T10 = 0.

j �kmLZQp

r U O[M Sla I � K GJIBMLMJEHCFO@][IBM X C8I�� X EHIBOQPLM T1
R
T10

� Sla EHO`][E X I
i

 U EdP
GL?�
 ?BGJIBO X I UeZ

ie
GLINMLMJCFGJPB�

KiIBM P S U G U Ed][I Z G�][I X I�GLINMLMLCeGJPu� S IBM X C8I�� X EHIBOQPLM
A
R
E
MLCeO P�][?�� O[EdM RTSba ?Nv Z[U P\EdCFO)j)N[mo�Fp m

T1 = C2(C2 − C1)Fy

+C2

n−k
∑

i=1

[

(C1 − C2)Bk+i + (B2 − B1)Ck+i +B1C2 −B2C1

]

Ki

j � m � p

T2 = D2(D1 −D2)Fx

+D2

n−k
∑

i=1

[

(D2 −D1)Ak+i + (A1 − A2)Dk+i + A2D1 − A1D2

]

Ki

j � m I �Fp

T3 = C2(C1 − C2)Fx+
[

(D2 −D1)C2 + (C2 − C1)D2

]

Fy

+
n−k
∑

i=1































C2(C2 − C1)Ak+i

+
[

(D1 −D2)C2 + (C1 − C2)D2

]

Bk+i

+
[

(A1 − A2)C2 + (B2 −B1)D2

]

Ck+i

+C2(B2 −B1)Dk+i

+(A2C1 − A1C2 +B1D2 − B2D1)C2

+(B1C2 −B2C1)D2































Ki

j � m I[I p

T4 = [(D1 −D2)C2 + (C1 − C2)D2

]

Fx+D2(D2 −D1)Fy

+
n−k
∑

i=1

























[

(D2 −D1)C2 + (C2 − C1)D2

]

Ak+i

+D2(D1 −D2)Bk+i +D2(A1 − A2)Ck+i

+
[

(A1 − A2)C2 + (B2 −B1)D2

]

Dk+i

+(A2D1 − A1D2)C2

+(A2C1 − A1C2 +B1D2 − B2D1)D2

























Ki

j � m I �ep



M �

T5 = C2(B1C2 −B2C1)Fx+ C2(B1 − B2)τ

+
[

(A2C1 − A1C2 + E2 − E1)C2 + (C2 − C1)E2

]

Fy

+
n−k
∑

i=1

























C2(B2C1 −B1C2)Ak+i

+
[

(A1C2 − A2C1 + E1 − E2)C2 + (C1 − C2)E2

]

Bk+i

+
[

(A2B1 − A1B2)C2 + (B2 −B1)E2

]

Ck+i

+C2(B2 −B1)Ek+i

+(B1E2 − B2E1)C2 + (B1C2 − B2C1)E2

























Ki

j � m I JFp

T6 =
[

(B1D2 − B2D1 + E1 − E2)D2 + (D1 −D2)E2

]

Fx

+D2(A2D1 −D2A1)Fy + (A2D2 −D2A1)τ

+
n−k
∑

i=1

























[

(B2D1 − B1D2 + E2 − E1)D2 + (D2 −D1)E2

]

Ak+i

+D2(A1D2 − A2D1)Bk+i

+
[

(A2B1 − A1B2)D2 + (A1 − A2)E2

]

Dk+i

+D2(A1 − A2)Ek+i + (A2E1 − A1E2)D2

+(A2D1 − A1D2)E2

























Ki

j � m I NQp

T7 =
[

(B1D2 − B2D1 + E1 − E2)C2 + (B1C2 −B2C1)D2 + (C1 − C2)E2

]

Fx

+
[

(A2D1 − A1D2)C2 + (A2C1 − A1C2 + E2 − E1)D2 + (D2 −D1)E2

]

Fy

+
[

(B1 − B2)D2 + (A2 − A1)C2

]

τ

+
n−k
∑

i=1



















































[

(B2D1 − B1D2 + E2 − E1)C2

+(B2C1 −B1C2)D2 + (C2 − C1)E2

]

Ak+i

+
[

(A1D2 − A2D1)C2 + (D1 −D2)E2

+(A1C2 − A2C1 + E1 − E2)D2

]

Bk+i

+
[

(A2B1 − A1B2)D2 + (A1 − A2)E2

]

Ck+i

+
[

(A2B1 − A1B2)C2 + (B2 −B1)E2

]

Dk+i

+
[

(A1 − A2)C2 + (B2 −B1)D2

]

Ek+i

+(A2E1 − A1E2)C2 + (B1E2 − B2E1)D2

+(A2C1 − A1C2 +B1D2 − B2D1)E2



















































Ki

j � m I Kep



Pe�

T8 =
[

(B1E2 −B2E1)C2 + (B1C2 −B2C1)E2

]

Fx

+
[

(A2E1 − A1E2)C2 + (A2C1 − A1C2 + E2 − E1)E2

]

Fy

+
[

(A1B2 − A2B1)C2 + (B1 − B2)E2

]

τ

+
n−k
∑

i=1































[

(B2E1 −B1E2)C2 + (B2C1 −B1C2)E2

]

Ak+i

+
[

(A1E2 − A2E1)C2

+(A1C2 − A2C1 + E1 − E2)E2

]

Bk+i

+E2(A2B1 − B2A1)Ck+i

+
[

(A2B1 − A1B2)C2 + (B2 − B1)E2

]

Ek+i

+(B1E2 − B2E1)E2































Ki

j � m I MFp

T9 =
[

(B1E2 −B2E1)D2 + (B1D2 − B2D1 + E1 − E2)E2

]

Fx

+
[

(A2E1 − A1E2)D2 + (A2D1 − A1D2)E2

]

Fy

+
[

(A1B2 − A2B1)D2 + (A2 − A1)E2

]

τ

+
n−k
∑

i=1































[

(B2E1 −B1E2)D2

+(B2D1 − B1D2 + E2 − E1)E2

]

Ak+i

+
[

(A1E2 − A2E1)D2 + (A1D2 − A2D1)E2

]

Bk+i

+E2(A2B1 − B2A1)Dk+i

+
[

(A2B1 − A1B2)D2 + (A1 − A2)E2

]

Ek+i

+(A2E1 − A1E2)E2































Ki

j � m I Pep

T10 = E2(B1E2 − B2E1)Fx+ E2(A2E1 − A1E2)Fy + E2(A1B2 − A2B1)τ

+E2

n−k
∑

i=1





(B2E1 − B1E2)Ak+i + (A1E2 − A2E1)Bk+i

+(A2B1 − A1B2)Ek+i



Ki

j � m I ZFp

� � ����� $ � ��� �  %�  �� +���� �)��# � � ���

��O K U GJP
][INM
?Bv Z U PLEHCFO[M j0N[m I JQp_��j0N[m I N p�INP j0N[m I KFp_�`MLCFE P
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 CeG X I cFIBG P\E XuUeS I
I � ING X ?NI K U G X I Z�� � X E	M Z G Sla I�� I X P\I Z GBmzn,E S IBM�]`I Z�� UYX P\EdCFO[O[I Z GLM�MJCFOQP
][IBM X#� f S INMB� X I SHU O[I^MLING U
c8G U E�v Z IDMJE

ÿ > −g � XYa INMJP"� R ��]`EHGLITMJE X INPLPLI UeXBX ? S ?NG U PLEHCFO K IBGJAtI_P R X I Z�� � X E�][I/PLG U c U E SdS ING�INO



P[K

P\INO[MLEdCFO m�� XuUeZ MLI ][I M U MJEHA K S E X EdPL?e� S I XuU Mk][I Sla ?Bv Z E S Edf[GLI MJP U P\Edv Z I INMJP/PLG U E P\?DIBO K GJIBADEHIBG
S EdI Z m

� D�� � � �IMNL M �IJ 	 P O K O:M ��� 	

X

Y

Pµ

Pν (L,H)

PI

(x, y)

l1

h1

l2

h

h2

V E gFZ GLI��sm J� |y�v Z E S EHf`GLI�M P U PLEHv Z I�] a Z O@A U O[E K Z[SHU P\I Z G K SHU O R ][I Z�� X#� f S IBMBm

� U � gFZ GJI��smLJ E SHSdZ MJPLGLI Z O[I X CFO � gFZ G U P\EHCeO ] a Z O AD? XBU O[EHMJAtI R ]`I Z�� X	� f S IBM K C Z G SHU v Z I SdS I
Sla ?Bv Z E S Edf[GLI MJP U P\Edv Z I INMJP K CFMJMLEHf S Iem�n Z G X I_PLP\I�� gFZ GJIe� Sba CFGJE g EdO[I ] Z GJI K iBGLI X C��lO X Ed][I U ceI X S I
K CFEHOQP Pµ

j K C Z GzMJEHA K S E � IBG S IBM�GL?NM Z[S P U PLM p � S I K CFEdO P Pν

INMJP�MLEdP Z ?
IBO
(L,H)

I_P S IBMz][EHADIBO[MJEHCFO`M
][?NMLE g O[?BINM K U G ][INM � i X�� IBM/CFOQP S INM MJE g O[INM U K`K GLC K GLEH?NM ] U O[M X I GJI K iBGLIYm � Z EHMLv Z I K C Z G Z O[I
CFGJEHIBOQP U P\EdCFO�][CeO[O[?BI;]`I Sla I�� I X PLI Z G

l1, l2, h1

I_P
h2

MLCFOQP3][INM X CFO[M P U OQPLIBMB� K C Z GtPLC Z P\INM S INM
X CeO � gFZ G U P\EdCFO[M�GLIBM K I X P U OQP SHU GJi gFS I/][I Sba ?Nv Z E S Edf[GLI MJP U P\Edv Z Ie� XYa INMJP�� R �~][EHGJIk][CFOQP S I X IBOQP\GJIT][I
A U MLMJI|I_P S I K CFEHOQP PI

MLCFOQP�M Z G S U A��NAtI�ceIBGJPLE XBUeS IY� S IBM ][I Z�� ? gQUeS E P\?NM g ?BCFAD?NPLGLEdv Z IBM M Z E c U O PLIBMN�



P M

?NP U f S EHIBM R K U GJP\EdGx][I^P\GJE U O gFS INMxGLI X P U O gFS INM
MLIBAkf S U f S IBMN�[MLINGLCFOQP�cF?NGLE�[?BIBM� 

l1
h− h1

=
x

h− y
,

j �sm I p

−l2
h− h2

=
L− x

h− y +H

j �smq�ep

C��
x
I_P
y
][?NMLE g O[IBOQP S U K CFMLE P\EdCFO ] Z X IBOQPLGLI ][I�A U MJMLI�][I Sla I�� I X P\I Z GBm

�O�EHMJC S U OQP
h
] U O`M Sba Z O`I@][I X INM ][I Z�� ?Bv Z U PLEHCFO[MN��IBO1M Z f[M P\E P Z U OQP M U c UeS I Z G ] U O[M SHU

MLI X CFO`][Ie� K Z EdM
IBO EHMLC S U OQP y �[CFO3CFf,P\EHINOQP Z O[I�v Z U ][G U P\Edv Z I ]`I SHU 
 CFGLADI  

T1x
2 + T3xy + T4x + T5y + T6 = 0

j �smLJQp

U cFI X

T1 = h2 − h1, T3 = l1 − l2, T4 = l2H + (L+ l2)h1 − (L+ l1)h2,

T5 = −l1L, T6 = (h2L− l2H)l1.

w�INPJP\I ?Nv Z[U P\EdCFO�GLI K GL?NMLINO PLI Sla IBO[MJIBA/f S I ][INM K CeMLEdPLEHCFO`M (x, y)
] Z X IBOQP\GJI ][I A U MLMJI K C Z G

S INMLv Z I SHS INM Sla ?Bv Z E S EHf`GLI�M P U PLEHv Z I K I Z P��NPLGLI U PJP\IBEdOQPum
� C Z G 
 UYX E S EdPLIBG Sba Ed][IBOQPLE� XBU P\EdCFO#][INM ]`E� ?BGLINOQP\M XuU MN� S IBM^A �BADIBM X C,I�� X EHINOQP\M v Z I X I Z�� ][I

Sla ?Bv Z U P\EHCeO j r m KFpsCFOQP�?NPL? Z P\E S EHMJ?BM13 CFO GLINA U GJv Z ITv Z I S I/P\INGLADI/IBO
y2
IBMJP U f`MLIBOQP INP�v Z I SHU


 CFGJAtI�I � K S E X E P\Ikj U O[O`I � I r p|][I X INPJP\I^?Nv Z[U P\EdCFO O[I^MJIBG U * U A U EdM R X EHO`v X C,I�� X EHINO PLM j K CFEHOQP I
][I S U MJI X P\EHCeO r mo�Fp m

r E� ?BGJIBOQP\M XuU M K U GJPLE XBZ`S EHINGLMxM Z GJc8EdIBO[O[INOQPum

• l1 6= l2
w�I XBU MTIBM P S I K SdZ M 
 GL?Nv Z IBOQP43 T3 6= 0

INP Sba ?Nv Z U P\EdCFO"j �sm JFp K I Z P��NPLGLI G U AtINO[?BI R#SHU

 CFGJAtIsM Z E c U O PLItj cFCeEHG S I K CFEdO P��/][I SHU MJI X P\EHCeO r mq�Fp� 

y = ax + b +
c

x+ d

j �smLNQp

U cFI X

a =
h1 − h2

l1 − l2
, b =

l1h2 − h1l2 − (H − aL)l2
l1 − l2

,

c =
(l1 − l2 − L)(H − aL)l1l2

(l1 − l2)2
, d =

l1L

l2 − l1
.



P[P

w�I_PLP\I ?Nv Z U P\EdCFO IBM P X I SHS It] a Z O[I �!� K INGLfWC S I K CFMJML?B] U OQP Z O[I U M � A K P\CYP\I ceIBGJPLE XBUeS ItIBO
x = −d I_P Z O[I U M � A K P\CePLI�CFf S Edv Z I j K CFMJMLEHf S IBADIBOQP � CeGLE 0NCFOQP UeS I p|MJI S CFO y = ax + b

m
��O X CFO[MJP U P\IY� K U G Sla I � K GLINMLMJEHCFOT][I a �Fv Z I S U K INO PLI�][I X INPLPLI U M � A K PLCeP\IxCef S Edv Z I|MJIBG U�SHUA �BADI�v Z I X I SHS I�] Z MLI g AtINO P�v Z E *JCeEHOQP S IBM ][I Z�� K CFEdOQP\M ] aoU PLP UYX�� I�][I Sla I�� I X P\I Z G�INPB� K U G
Sba I � K GLIBMJMLEdCFO;][I d � v Z I S U K CFMJEdP\EdCFO�]`I Sla U M � A K P\CYP\I ceIBG P\E XBUeS I K U G�G U K[K CFGJP UeZ�� ][I Z��
K CFEHOQPLM^] aoU PLP UYX�� I M Z G S U f U MLIe� MLCeEdP Pµ

INP
Pν

��IBMJP ] U O[M S U A��NAtI K GLC K CFGJPLEHCFO;v Z I SHU
K CFMLE P\EdCFO � CFGLE 0BCFOQP UYS I�] Z/X INO PLGLI�][I�A U MJMLI K U G�G U K[K CFGJP UeZ�� ][I Z�� K CFEHOQP\M ] a U PLP UeX�� IxM Z G
Sba I�� I X P\I Z GBm�� Z P\GJIBADIBOQP
][EdPB�`MJE S I X IBOQP\GJI ][I^A U MJMLI^IBM P UeZ�� ][I Z�� PLEHIBGJMx][I S U ]`EHMJP U O X I
� CeGLE 0NCFOQP UeS I IBOQP\GJI S INMk][I Z�� K CeEHOQP\M ] aoU PLP UYX�� I M Z G Sba I�� I X P\I Z GB� Sla U M � A K P\CePLITcFIBG P\E XuUeS I
MJIBG U MLEdP Z ?BI UeZ�� ][I Z�� P\EdIBGLMz][I S U ][EHM P U O X I � CFGLE 0BCFOQP UYS I
IBOQP\GJI S IBM K CFEdO PLM�] aoU PLP UYX�� IsM Z G
SHU f U MLIYm
n,E S IBM�][I Z�� UeX PLEHCFO`O[I Z GJM�MLCFOQP
][INM X	� f S IBMN�[MLI Z[S I SHU K U G P\EdI�][I Sla �!� K INGLfWC S I�C�� S IBM�][I Z��
UeX P\EdCFO[O[I Z GLM
P\G U c U E SHS IBOQP
IBO�PLIBO[MJEHCFO�MLIBG UtZ PLE S Iem�n,E Sla CFO X CFO[MJEH][iNGLI S IBM�][I Z�� K CFEdO PLM
][I
X INPLPLI �!� K IBGJf C S I K C Z G S IBMJv Z I S M Z O;][IBM X#� f S INM U Z O[I S CFO gFZ I Z GsO Z[SdS IY� MLCFE P (l1, h1)

I_P
(L+l2, H+h2)

� X I Z�� � X E`][Edc8EHMJIBOQP Sba �!� K IBGLfWC S I�IBOkv Z[U P\GJIxMLI X P\EdCFO[M13 Sla Z O[I�]`I X INM v Z U P\GJI
MJI X PLEHCFO`M X CFO[M P\EdP Z IBG U SHU K U G P\EHI Z P\E S Ie� M a E S IBO)I � EHM P\I Z O[I@j cFCFEdG� �,X I K PLEHCFO[M R3S U K Ueg I
M Z Edc U OQP\Iup_m�� U ][?_P\INGLADEHO U PLEHCFOD][I X INPJP\I K U G P\EdI Z PLE S I�IBM P�][?_P U E SHS ?NI R/S U MJI X P\EHCeO
K,mq�8m J`m I m
r U O[M S I XBU M�][I S U � geZ GLI��smLJ`� S U K U GJPLEHI Z PLE S Ix][I Sla �!� K INGLfWC S I�INMJP S U MJI X PLEHCFO MJEdP Z ?BI�MLC Z M
SHU ][GLCFE P\I

y = h1

I_P RTgQUYZ[X�� I ][I Sla U M � A K P\CePLI�cFINGJP\E XuUeS Iem

R � � ".��$6� �9@F� - � / $ 	
H − aL = 0

� U K IBOQPLI#] Z MJI g ADIBOQP�*JCeE g O U O P S INM K CFEdO PLM ] a U PJP UeX�� I@M Z G Sla I�� I X PLI Z GtIBM P S U A��NAtI
v Z I X I SdS ID] Z MLI g ADIBOQP *JCFE g O U OQP S IBM K CFEHOQP\M ] a U PLP UeX�� I M Z G SHU f U MJIem r U O[M X I XuU MB� S I
X C,I�� X EHINO P

c
][I Sba ?Nv Z U P\EdCFO1jb�smON p^IBM P/O Z[S INP Sla �!� K IBGJf C S ID][? g ?NO[iBGJI INO ][I Z�� ][GLCFE P\INM

MJI S CeO S INM�][I Z��;U M � A K PLCeP\INMB� MJCFEdP y = ax + b
INP
x = −d j ceCFEHG S I XuU M K U GJPLE XBZ`S EHING�] Z

K CFEHOQP��/][I S U MJI X P\EHCeO r mo�Fp m
n,I Z[S I S U ][GJCFEdPLIzceIBGJPLE XBUeS Iz][INc8G U �NPLGLI X CFO[MJEH][?NGL?NI X CFADADI S EHI Z�� ] a ?Bv Z E S EHf`GLI XuU G S U ][GLCeEdP\I
CFf S EHv Z IY� K Z EHMJv Z I K C Z GTP\C Z P\I X CFO�� gFZ G U P\EdCFO9][I X I SdS I�� X E S IBM ][I Z���UeX PLEHCFO[O`I Z GJMDMJCFOQP
X C S EdO[? U EdGLINMB��GLI K GL?NMLINO PLI Z O+INO[MLINA/f S I;][I X CFO�� gFZ G U P\EdCFO[M MJEHO gFZ`S EHiNGLINM K C Z G P\C Z M S INM
MJC Z M��~At? XuU O`EHMLADIBM R P\GJCFEHM X	� f S IBM X CeA K GJIBO U O P X IBM
][I Z�� X	� f S IBMNm
n,E S IBM�][I Z��tUeX PLEHCFO[O`I Z GJM|MJCFOQP�][INM X#� f S INMB� MLI Z[S I S U K U GJP\EdI
][I SHU ][GLCFE P\I�cFINGJPLE XuUYS I
MLE P Z ?NI
MJC Z M S U ][GJCFEdPLI�CFf S EHv Z Ie� Xea IBMJP�� R �~][EHGJI^MLC Z M

y = −a d+ b
� K IBGLADINP Sba ?Nv Z E S EHf[GJIem



P Z

` �?@ /�"3� � %A� � 	
� C Z G X IBG P U EdO[IBM X CFO � gFZ G U PLEHCFO[M�C��

l1
INP
l2
MJCFOQP�]`I|A �BADI�MLE g O[Ie�YE S I � EHMJPLI|]`IBM MLEdP Z U PLEHCFO[M

C�� UeZ[XNZ O[IzMLI X P\EdCFOk][I Sla �!� K INGLfWC S IY�YC Z ][I S U ][GLCFE P\I�cFINGJPLE XuUYS Ie� O[I K INGLADINPJP\G U
Sla ?Bv Z E S Edf[GLI
R ][I Z��>X#� f S IBMBm w�I X E�M Z GJc8EdIBOQPu� K SHZ MtM K ? X E� v Z INAtINO PB� S CFGLMJv Z I a = H/L

� S CFGJMLv Z I
l1, l2 > 0

INP
a > H/L

C Z3S CFGJMLv Z I
l1, l2 < 0

INP
a < H/L

m

• l1 = l2
�	IBMs][I Z�� K CFEHOQP\M�] a U PLP UeX�� I/M Z G Sla I�� I X P\I Z G�MLCeO P�M Z G SHU A �BADIk][GJCFEdPLI ceIBG P\E XBUeS I 3 ] U O[M
X I XBU M

T3 = 0
I_P Sba ?Nv Z U P\EdCFO)jb��m JQpx][I_c8EHIBOQP

T1x
2 + T4x + T5y + T6 = 0.

j �sm KFp

� l1 = l2 = 0
r U O[M X I XuU M

T5 = T6 = 0
INP�CFO3CFf,P\EHINOQP Z O[I�?Bv Z U PLEHCFO3][I S U 
 CeGLADI  

ax2 + bx = 0
jb�smLMQp

U ceI X
a = h2 − h1, b = (h1 − h2)L.

w�I_PLPLI�?Nv Z U P\EdCFOTIBM P�cF?BGJE� ?NI K C Z G x = 0
INP K C Z G x = L

INP�GLI K GL?NMLINO PLI�]`CFO X ][I Z��
]`GLCFE P\IBM|cFIBG P\E XuUeS IBMBmzw�INM�][I Z�� ][GJCFEdPLIBMxMJCFOQP�IBO GJ? UeS EdPL?�][INM S EdI Z�� ] a ?Bv Z E S EHf`GLI R/Z O
MJI Z[S�X#� f S IYm
n8E
L = 0

� S INM ][I Z�� K CeEHOQP\M ] a U PJP UeX�� I M Z G S U f U MLI MLCFOQP UeZ MJMLE^M Z G S U A �BADI
ceIBG P\E XBUeS I�I_P X IBM�][I Z�� ][GLCeEdP\INM�MLCFOQP X CeO 
 CFO[] Z IBMBm

� l1 = l2 6= 0

∗ L = 0�	IBM�][I Z�� K CFEHOQP\M�] aoU PLP UYX�� I^M Z G SHU f U MJI�MLCFOQP
M Z G S U A �BADI�][GJCFEdPLI�cFINGJPLE XuUYS I 3
] U O[M X I XBU M

T5 = 0
I_P�CeO@CFf,P\EHINOQP Z O[I�?Bv Z U PLEHCFO3][I SHU 
 CeGLADI

ax2 + bx + c = 0
jb�sm PFp

U cFI X

a = h1 − h2, b = (h2 − h1 −H)l1,

c = Hl21.



P �

w�INPJP\I�?Bv Z U PLEHCFO IBM P
cF?BGJE� ?NI K C Z G

x =
(h1 − h2 +H)l1 ± (h1 − h2 −H)l1

2(h1 − h2)

j �sm ZFp

INPB� U K GLiNM
MLEHA K S E� XBU P\EdCFO � S INM�][I Z�� G UeX EdO[IBM
][I Sba ?Nv Z[U P\EdCFO MLCFOQP# 

x1 = l1, x2 =
l1H

h1 − h2

� U K GJIBADEHiNGLI3][I X INM ][I Z�� G UeX EHO[INMtINMJP Z O[I MLC SdZ P\EdCFO Z O[Edv Z IBADIBOQPtA U P � ?��
A U P\EHv Z I
I_P�GJI K GJ?BMLINOQP\I Sla IBO`MLIBAkf S I�][IBM X CFO�� gFZ G U P\EdCFO[MzC�� S IBMzv Z[U P\GJI K CFEHOQPLM
] a U PLP UeX�� IkMJCFOQP�M Z G SHU A �BADI�][GLCeEdP\I�cFINGJPLE XuUYS Ie� XYa INMJP"� R ��]`EHGLI S INM�]`I Z��@X	� f S INM
MLCFOQP X C S EHO[? U EHGJIBMNm � a IBO[MJIBA/f S It]`I X IBM X CFO � geZ G U PLEHCFO`M GJI K GJ?BMJIBOQP\It][IBM S EHI Z��
][I MLEHO gFZ[S U GLEdPL? K C Z G�P\C Z M S IBM
MLC Z M��~At? XuU O[EdMLADIBM R P\GLCeEHM X	� f S INM X CFA K GLIBO U OQP
S INMs][I Z�� K GL?BMJIBOQP\M X#� f S IBMsI_P�O[I MLING U K U MsGL? UeS EdM U f S I�IBO K G U P\Edv Z I M UeZ 
�] U O[M
S I XuU M K U GJPLE XBZ`S EHING�C�� l1 = l2 = 0

� Xea IBM P"� R ��][EdGLI S I X IBOQP\GJI^][I�A U MLMJI UeZ MJMLE M Z G
X I_PLP\I�][GJCFEdPLI 3 X I K IBO[] U OQPu� X I XuU M�INMJP�][? * RTX C Z cFINGJP K U G Sba E P\IBA K GL? X ?N][IBOQPum
� U MJI X CFO[][I G UeX EHO[I^INMJP�][CFO X�S U MJI Z[S I R X CeO[MLEd][?BGJIBG
E X E A U EHM Sla ?Bv Z E S Edf[GLI�MJP U �
P\Edv Z I K C Z G Sba INO[MLINA/f S IT][I X IBM X CeO � gFZ G U P\EdCFO[M^O a IBM P K CFMJMLEHf S ITv Z I K C Z G Z O
At? XuU O`EHMLADI RTUeX PLEHCFO[O`IBADIBOQP X CFOQcFIBOQPLEHCFO[O`I S 3`][IBM X#� f S IBMxO[I K INGLADINPLPLIBOQP K U M
X I_P�?Nv Z E S EHf[GJIem

∗ L 6= 0r U O[M X I XBU M
T5 6= 0

INP Sba ?Nv Z U P\EdCFO6jb�smLJQp K I Z P �_P\GLI�G U AtINO[?BI RTS U 
 CeGLADI

y = ax2 + bx + c
jb�sm � p

U cFI X

a =
h2 − h1

l1L
, b =

h1 − h2

l1
+
H + h1 − h2

L
,

c = h2 −
l1H

L
.

w�INPJP\Iz?Bv Z U PLEHCFO�IBM P X I SdS I�] a Z O[I K U G U fWC S I�][CeO P SbaoU � I�][IzM � AD?NPLGLEHI�INMJP cFINGJP\E XuUeS
INP�MLE P Z ?^INO

x = −b/(2a) mn,E S IBMz][I Z�� UYX P\EdCFO[O[I Z GLMzMLCeO Px][IBM X	� f S IBMN�,MJI Z[S I S U K U G P\EHI
][I S U K U G U f C S I
C��
S INM ][I Z��kUeX PLEHCFO`O[I Z GJM PLG U c U E SdS INO P IBO PLIBO[MJEHCFO MLING U�Z P\E S Iem�n,E Sla CFO X CFO[MJEH][iNGLI S INM
][I Z�� K CFEHOQP\M�][I X I_PLPLI K U G U f C S I K C Z G S IBMJv Z I S M Z OT][IBM X#� f S IBM U�Z O`I S CFO geZ I Z G
O Z[SHS Ie�FMJCFEdP

(l1, h1)
I_P

(L+ l2, H+h2)
� X I Z�� � X E ][Edc8EHMJIBOQP S U K U G U fWC S I�IBO P\GJCFEHM



ZF�

MLI X P\EdCFO[M� Z O[I/MJI X PLEHCFO � O[EdIe�WIBOQP\GJI X INM K CeEHOQP\MN� I_P�][I Z�� EHO � O`EHIBMN� ]`I K U G P�I_P
] a UeZ P\GJIem�n,I Z`S I S U MJI X PLEHCFO � O[EdI K C Z GLG U �_P\GLI S U K U GJP\EdI Z P\E S I�]`I SHU K U G U f C S Ie�
INP X Ie�,MLI Z`S IBADIBOQP
MJE

a > 0
� Xea IBMJP�� R �~][EHGJI S CFGLMJv Z I S U K U G U f C S IsINMJP�EdO � O[EdI�ceIBGLM

S I � UeZ PBm n Z G S INM/][I Z�� MLI X P\EdCFO[M/EdO � O[EdIBMN� S IBM 
 CFG X IBMT] U O`M S IBM UeX PLEHCFO[O`I Z GJM
MLCFOQPzO[? X IBMJM U EdGLINAtINO P|][I
MLE g O[INMzC K[K CeML?BMNm�� U ]`?NP\INGLADEHO U P\EHCeOT][I X INPJP\I K U G P\EHI
Z P\E S I�INMJP�][?_P U E SHS ?NI RTS U MLI X PLEHCFODK,mo�,mLJ`m I m

� D�� � � �IMNL M �IJ 	 � � H K � M � � 	 � � 	�L 	 � H ��� 	
� U P\G U O[M K CFMJEdP\EdCFO ][I SHU ][?BA U G X�� I K GL? X ?B]`IBOQP\I UeZ9XuU M g ?BO[?NG UeS ]`I Sla ?Bv Z E S EHf[GJI ] � O U AtEdv Z I
v Z I SdX CFO`v Z I IBMJP P\GJEdc8E UeS Iem@w�CFO[MJEH][?NGLCFO`MkP\C Z P/] a U fWCFGL] S IBM S EHI Z�� ] a ?Bv Z E S EHf`GLI R ][I Z�� X	� f S INM
K C Z G Z O[I UeXNX ? S ?BG U P\EdCFO S EdO[? U EdGLI�][I Sla I�� I X PLI Z G Z O`EHv Z IBADIBOQPBm

= � � � � � ��� ��� � + ����� �)� ����� ���)�*+ �  ���� ! ���"��� � ��#�+

r U O`M S I XuU M�MJP U P\EHv Z IY� S U MJI Z[S I 
 CFG X I R GLI K GLINO[][GLI K U G S IBM UeX PLEHCFO[O`I Z GJM�?NP U EdP SbaoU PJP\G UeX PLEHCFO g G U �
c8EdP U P\EdCFO[O[I SHS I�PLIBGLGJIBM P\GLIYm|w�CFO[MLEd][?BGJCFO[M�A U EHOQPLIBO U OQP Z O[I UeXNX ? S ?BG U P\EdCFO S EdO[? U EHGLI�][I Sba I�� I X PLI Z GNm

w�CFADAtI
E S 
 Z P�ADIBOQP\EdCFO[O[? R�S U � O ][I S U MLI X PLEHCFO �sm I � K C Z G�][INM UeX P\EHCeO[O[I Z GLM X CFOQcFINOQP\EHCeO��
O[I S MB��MJE Sla UeXBX ? S ?BG U P\EHCeO;M Z f[EdI K U G Sla I�� I X P\I Z G^IBM P K U G UeSdS i S I R SHU 
 CFG X ID]`I g G U c8EdP\?Y� S INM X CFO ���
gFZ G U P\EdCFO[M K C Z G S INMLv Z I SdS INM Sla ?Bv Z E S EHf`GLIsMJIBG U K CFMJMLEdf S I�MJIBGJCFOQP S IBM�A��NAtINMxv Z I K C Z G Sla ?Bv Z E S Edf[GLI
MJP U P\Edv Z Iem

n,E�A U EHOQPLIBO U OQP Sba I�� I X PLI Z G ][CeEdP M Z f[EHG Z O[I UeXBX ? S ?BG U P\EHCeO S EHO`? U EdGLI v Z I SHX CFO[v Z I ][CFOQP SHU
X CeA K CFM U O PLI K IBG K IBO`][E XNZ[S U EdGLI R9SHU g G U c8E P\?#INMJP3O[CFO"O Z[SdS Ie� SHU K CeMLEdPLEHCFO�] Z K CeEHOQP PI

K U G
G U K[K CeGJP UeZ)X INOQP\GLI ][I A U MLMJIT][I Sla I�� I X P\I Z G^][INc8G U �NPLGLITP\I SHS I/v Z I S I/MJI g ADIBOQPD*JCFE g O U OQP X INM
][I Z�� K CeEHOQP\M�INMJP K U G UeSHS i S I RTS U 
 CFG X I^I � IBG X ?NI K U G S IBM X	� f S INM�M Z G Sla I�� I X P\I Z GBm

� C Z G S INM UeX P\EdCFO[O[I Z GLMN� S U 
 CFG X IsO`? X INMLM U EHGJI K C Z G UeXNX ? S ?BGJIBG Sla I�� I X PLI Z G U cFI X^Z O[IsEdO PLIBO[MJEdPL?
][CFO`O[?BI)INP ] U O`M Z O`I6][EdGLI X P\EdCFO>][CFO`O[?BI)GLI_c,EdIBOQP UeZ A �BADI;v Z I)][I6GJI K GJIBO[]`GLI Z O[I 
 CFG X I
?Bv Z E c UeS INO PLI
] U O[M S U ]`EHGLI X PLEHCFOTC K`K CFMJ?BIYmzw�I X E GJINc8EHINOQP R ][EdGLI�v Z I S I XBU M�C�� Z O[I UeXBX ? S ?BG U P\EHCeO
v Z I SdX CFO`v Z I IBM P/EdA K CFML?NI R@Sla I�� I X P\I Z G K I Z P �NPLGLI X CFO`MLEH]`?BGL? X CFADADI Z O XuU MkMJP U P\Edv Z It]`CFOQP
S U g G U c8EdP\? U K[K U GJIBOQP\I c Z I K U G S INM X	� f S IBM^INMJP AtC8][E � ?BIY�	IBO)EHOQP\INO[MLE P\?TINP INO6CFGJEHINO P U P\EdCFO;3 SHU
K IBOQP\ID][I X INPJP\I g G U c8EdPL? U K[K U GJIBOQP\IDMLING U (ÿ + g)/ẍ

j
g
IBM P K CFMJEdP\E 
 p m r I X INPLPLI U �tGJA U P\EHCeO �



Z I

CFO K I Z P EHADAt?N][E U P\IBADIBOQP X CFO XNSHZ GJI v Z I S IBM�][E� ?BGJIBOQP\M XuU M ?_P U f S EHM R3S U MJI X P\EHCeO �smo� MLIBGJCFOQP
S INM�A �BADIBM K C Z G S I XuU M�] � O U ADEHv Z I R UeXNX ? S ?BG U P\EdCFO S EHO[? U EHGJI^IBO U * Z MJP U OQP SHU ][EdGLI X P\EdCFO ][I SHU
g G U c8E P\? K IBG .NZ I K U G S INM X	� f S IBMNm

w�INP U * Z M P\IBADIBOQPtEHA K S Edv Z Ie� PLC Z *JC Z GJM IBO�MJI3GL?�
 ?NG U OQP R)SHU � gFZ GJI���m J`�zv Z I S I3M � MJPLiBADI
] a U � I�][CFE P �_P\GJI�GL?NCFGLEdIBOQP\?�z][I 
 U . CFO RkX I�v Z I Sla U � I

Y K CFEdOQP\I�] U O[M SHU ][EdGLI X P\EdCFO C K[K CeML?BIs][I
X I_PLPLI g G U c8EdPL?�ADC,]`E� ?NIe� INPu�eIBO X CFGLIxE X Eb� S IBM�]`EHADIBO[MJEHCFO[M

l1
I_P
l2
]`CFEdceIBOQP �NPLGLI K U G UYSHS i S INM R�Sla U � I

X
P U O[]`EHM�v Z I

h
�
h1

INP
h2

MJCFOQP K U G UeSdS i S IBM R Y m r I K SHZ MN� S I�ADCeP�cFINGJP\E XuUeS � Z P\E S EdML? R K SdZ MLEdI Z GJMGLI K GLEdMLINM K C Z G ][?NMLE g O[IBG Z O`I#][EHGJI X P\EHCeO K U G UeSHS i S I R SHU g G U c8EdPL?e� gQU GJ][I#M U MLE g O[E� XBU P\EdCFO IBO
P\INO U OQP X CFA K PLI^] Z 
 U EdP�v Z I S U ][EdGLI X P\EdCFO3][I S U/g G U c,E P\? U K CFMLMJEHf S IBADIBOQP X�� U O g ?em

= � � ��� � ��� ��� � + ����� �)� �)�%��#�������+ �  �� � ! ��� ��� ����#%+

� U P\G U O[M K CFMLE P\EdCFO;][IBM�GJ?BM Z`S P U P\M�CFf`PLIBO Z M UeZ�� MJI X P\EHCeO[M �smq� I_Pk��m J`m I R ][IBM XuU M ] a ?Nv Z E S Edf[GLI
] � O U ADEHv Z I^v Z I SHX CFO[v Z I IBMJP�P\GJiBM
MLEdA K S Iem

n,E Sba INO[MLINA/f S Ix][IBM X CFO � geZ G U PLEHCFO`M K IBGLADINPJP U OQP�] a EdA K CFMLING Z O`I UeXBX ? S ?BG U P\EHCeO S EdO[? U EdGLI�][CFO��
O[?NI R Sla I�� I X P\I Z G X CeGLGLINM K CFO[] UeZ��#X CFO � gFZ G U PLEHCFO[M K C Z G S IBMLv Z I SHS IBM S I K CFEHOQP PI

INP S I X IBOQP\GJI
][I
A U MLMJI�CeO P SHU A �BADI U f[M X EdMLMLIY� SbaoU � I
][INM

Y
?_P U OQP|f[EHINO IBOQP\INO[] Z K U G UeSdS i S I R�S U�g G U c,E P\? U K �

K U GJIBOQP\I K IBG .NZ I K U G S INM UYX P\EdCFO[O[I Z GLMN� Sla IBO[MJIBA/f S I
][IBM X CFO�� gFZ G U P\EdCFO[M K IBGLADINPJP U OQPz] a EHA K CeMLIBG
Z O[I UeXNX ? S ?BG U P\EdCFO U O gFZ[SHU EHGJIxv Z I SdX CFO[v Z IY�`INO K SdZ M�][I SHU A��NAtI UeXNX ? S ?BG U P\EdCFO S EHO[? U EHGJIe� X CFGLGJIBM �
K CFO[][G UTUeZ�� X CFO � gFZ G U P\EHCeO[M K C Z G S IBMLv Z I SHS IBM SHU ][E� ?BGJIBO X I λ INO PLGLI S IBM U f`M X EdMLMJIBM
GLINM K I X PLEdceIBM] Z K CFEHOQP PI

INP�] ZTX IBOQPLGLI�][I�A U MLMJIxMLING U�X CFO[MJP U OQP\I 3 X INPLPLI X CFO`MJP U O PLI�MLING U�S U ][EHM P U O X IxO[? X IBM �
M U EHGLI K C Z G g ?BO`?BGLING S I�AtCFADIBOQP�][I 
 CFG X I GJIBv Z EdM R Sla I�� I X P\I Z GB�WMLCFE P λ = PIx − x = τ/|r| C��
PIx

�
x
INP
τ
MJCFOQP^GLINM K I X PLEdceIBADIBOQP S IBM U f[M X EHMJMLIBM^] Z K CFEdO P PI

INP�] Z;X INO PLGLI ][I/A U MJMLI/I_Pu� S I
ADCFAtINOQP
][I 
 CFG X I^GLIBv Z EdM j K CFMLE P\E
 ] U O[M S I^MLINO[M U OQP\E � � CFG U EHGJI p_m

w�I SHU GLI_c8EHIBOQP|P\C Z P R 
 U E P UeZ A �BADI�v Z Is][I X�� ING X�� ING S INM S EHI Z�� ] a ?Bv Z E S EHf[GJI R UeXBX ? S ?BG U P\EHCeO
S EdO[? U EHGLIY��M U O[M UeXBX ? S ?BG U P\EHCeO U O gFZ[SHU EHGJIe� K C Z G Z O�I�� I X P\I Z G ][CFOQP S I X INO PLGLI)][I)A U MJMLI IBM P
][? K S UeX ? K U G UeSHS i S INAtINOQP R;Sla U � I X ] a Z O[I3][EHM P U O X I3?Bv Z E c UYS IBOQPLIem"j � a ?Bv Z U P\EHCeO CFf`P\INO Z I3O[I
MLING U E P K U M SHU A��NAtI f`EHIBO9M �[G K Z EHMJv Z I X I SHS I�� X ExI � K GJEHADI S U K CFMLE P\EdCFO ] Z X INO PLGLI3][I3A U MLMJI
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INP@v Z I X I SdZ E � X E U ?NPL?6]`? K SHUeX ?)M Z G Sla I�� I X P\I Z G 3 Z O:MJEHA K S I X�� U O g IBADIBOQP@][I X C8CFGL][CeO[O[?BINM
K IBGLADINPJP\G U EdP UeS CFGLM ][I GJINPLGLC Z ceIBG Sba ?Nv Z U P\EdCFO)GLI X�� IBG X�� ?BI K C Z G SHU K CFMLE P\EdCFO6GJ?BI SHS ID] Z X IBOQP\GJI
][I/A U MJMLIe� MLCFE P

x = x′ − λ
C��

x′
INMJP Sla U f[M X EdMLMLI ] Z;X INOQP\GLIT]`I/A U MLMLI ][? K S UeX ?e� U MJMLC X Ed? R SHU

O[C Z cFI SdS I ?Bv Z U P\EHCeO ��INP
λ
GLI K GL?BMJIBOQP\I X ID][? K S UeX IBADIBOQPk] Z6X IBOQP\GJI ][IDA U MLMLIYm � Z CeE�v Z a E S IBO

MLCeEdPu� X IBM�][I Z�� ?Bv Z U P\EHCeO[M
I � K GLEdAtING U EdIBOQP S INM�A��NAtINM K CeMLEdPLEHCFO`Mx][I Sla I�� I X P\I Z GBmop
{ m �sm � S IBM P f[EHINO XBS U EHG v Z I MLE X INPLPLI O[C Z ceI SdS I K CFMLE P\EdCFO ] Z9X IBOQP\GJI ][I A U MLMLI GL?BM Z[S PLI IBO SHU
X C �~O X EH][INO X I U cFI XtSba Z O;][IBM XuU M^] a I �,X I K P\EHCeO6][I Sba E P\INA�� l1 6= l2

� ][I S U MJI X P\EHCeO6��mq�,� C Z)UeZ
XuU M�C��

a < 0
][I Sba E P\INA��

L 6= 0 �
][I SHU A��NAtI�MLI X PLEHCFO � Sba ?Nv Z E S Edf[GLI^] � O U AtEdv Z I�O[I MJIBG U K U M

K CFMLMJEHf S Iem
� U G�I � IBA K S IY� S IBM X CFO � geZ G U PLEHCFO`M K INGLADINPJP U OQP�] a EHA K CFMLING ][IBM UYXBX ? S ?NG U PLEHCFO[M�][I g/2 m/s2

� CFGJE 0NCFOQP UeS IBADIBOQPkj U � I
X K CFMLE P\E
\p�INP mg/I rad/s2 IBO�GJCeP U P\EHCeO � ] U O[M S I MLINO[M U OQPLE � � CFG U EdGLI

j
g
IBM P SHU g G U O[]`I Z G
][I Sla UeXBX ? S ?BG U P\EHCeO g G U c8EdP U P\EdCFO[O[I SHS Iup_�8M Z G Z O�I�� I X P\I Z G U	�FU OQP Z O`I A U MLMJI

m
INP Z O/ADCFADIBOQP�] a EdO[IBG P\EHI

I K U G G U K[K CeGJP R MLCFO X IBOQPLGLIx][I|A U MLMLIY�FMLCeO P S INM�A �BADIBM�v Z I X I SHS INM
K IBGLADINPJP U OQP�] a EdA K CFMJIBG S U A��NAtI UeXBX ? S ?BG U P\EHCeO � CFGJE 0NCFOQP UeS Ie� M U O[M UeXBX ? S ?NG U PLEHCFO U O gFZ`S U EdGLIe� M Z G
Z O I�� I X PLI Z G|MLIBAkf S U f S I�][CFOQP S I X IBOQP\GJI�][I�A U MJMLI�IBM Px][? K S UeX ?s] a Z O ADiNPLGLI�] U O[M S U ][EHGJI X P\EHCeO
][I Sla UeXNX ? S ?BG U P\EdCFO m

�	IBM v Z U ]`G U PLEHv Z IBM�GLI K GL?BMJIBOQP U O P S IBM S EHI Z�� ] a ?Bv Z E S EHf[GJI R ]`I Z��kX	� f S IBM K C Z G�][INM X CFO`][EdPLEHCFO[M
] � O U ADEHv Z INM v Z I SdX CFO`v Z IBM�MLCeO P�][CFO X ][IxA �BADI|O U P Z GJIxv Z I X I SHS IBM�Cef`P\INO Z IBM RsSHU MLI X PLEHCFOT��mq�,m
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T1 x
2 + T2 y

2 + T3 xy + T4 x+ T5 y + T6 = 0
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• V UeX P\I Z GLM
][I
x2

T1 = S4 cos φ + S5 sinφ
� �-7�� �

S4 = (b3 − b2)y1 + (b1 − b3)y2 + (b2 − b1)y3
� �-7�� �

S5 = (b3 − b2)x1 + (b1 − b3)x2 + (b2 − b1)x3
� �-7 � �

• V UeX P\I Z GLM
][I
y2

T2 = S4 cos φ + S5 sinφ
� �-7�� �

S4 = (a3 − a2)x1 + (a1 − a3)x2 + (a2 − a1)x3
� �-7�� �

S5 = (a2 − a3)y1 + (a3 − a1)y2 + (a1 − a2)y3
� �-7�� �

• V UeX P\I Z GLM
][I
xy

T3 = S4 cos φ + S5 sinφ
� �-7�� �

S4 = (b2 − b3)x1 + (a2 − a3)y1 + (b3 − b1)x2

+(a3 − a1)y2 + (b1 − b2)x3 + (a1 − a2)y3
� �-7�� �

S5 = (a2 − a3)x1 + (b3 − b2)y1 + (a3 − a1)x2

+(b1 − b3)y2 + (a1 − a2)x3 + (b2 − b1)y3
� �-7��	� �

• V UeX P\I Z GLM
][I
x

T4 = S1 cos2 φ + S3 cosφ sin φ + S4 cos φ + S5 sinφ + S6
� �-7�� ���

S1 =
[

(a1 − a2)x2 + (b1 − b2)y2 + (a3 − a1)x3 + (b3 − b1)y3

]

x1

+
[

(b1 − b2)x2 + (a2 − a1)y2 + (b3 − b1)x3 + (a1 − a3)y3

]

y1

+
[

(a2 − a3)x3 + (b2 − b3)y3

]

x2 +
[

(b2 − b3)x3 + (a3 − a2)y3

]

y2
� �-7��	� �

S3 =
[

(b1 − b2)x2 + (a2 − a1)y2 + (b3 − b1)x3 + (a1 − a3)y3

]

x1



ZFK

+
[

(a2 − a1)x2 + (b2 − b1)y2 + (a1 − a3)x3 + (b1 − b3)y3

]

y1

+
[

(b2 − b3)x3 + (a3 − a2)y3

]

x2 +
[

(a3 − a2)x3 + (b3 − b2)y3

]

y2
� �-7�� � �

S4 = (b1b3 − b1b2)x1 + (a1b2 + a3b2 − a1b3 − a2b3)y1

+(b1b2 − b2b3)x2 + (a2b3 − a2b1 + a1b3 − a3b1)y2

+(b2b3 − b1b3)x3 + (a3b1 + a2b1 − a3b2 − a1b2)y3
� �-7�� � �

S5 = (a1b2 + a3b2 − a1b3 − a2b3)x1 + (b1b2 − b1b3)y1

+(a2b3 − a2b1 + a1b3 − a3b1)x2 + (b2b3 − b1b2)y2

+(a3b1 + a2b1 − a3b2 − a1b2)x3 + (b1b3 − b2b3)y3
� �-7�� � �

S6 =
[

(a2 − a1)x2 + (b2 − b3)y2 + (a1 − a3)x3 + (b2 − b3)y3

]

x1

+
[

(b3 − b1)x2 + (b1 − b2)x3

]

y1

+
[

(a3 − a2)x3 + (b3 − b1)y3

]

x2 + (b1 − b2)x3y2
� �-7��	� �

• V UeX P\I Z GLM
][I
y

T5 = S1 cos2 φ + S3 cosφ sin φ + S4 cos φ + S5 sinφ + S6
� �-7�� � �

S1 =
[

(b2 − b1)x2 + (a1 − a2)y2 + (b1 − b3)x3 + (a3 − a1)y3

]

x1

+
[

(a1 − a2)x2 + (b1 − b2)y2 + (a3 − a1)x3 + (b3 − b1)y3

]

y1

+
[

(b3 − b2)x3 + (a2 − a3)y3

]

x2 +
[

(a2 − a3)x3 + (b2 − b3)y3

]

y2
� �-7�� � �

S3 =
[

(a1 − a2)x2 + (b1 − b2)y2 + (a3 − a1)x3 + (b3 − b1)y3

]

x1

+
[

(b1 − b2)x2 + (a2 − a1)y2 + (b3 − b1)x3 + (a1 − a3)y3

]

y1

+
[

(a2 − a3)x3 + (b2 − b3)y3

]

x2 +
[

(b2 − b3)x3 + (a3 − a2)y3

]

y2
� �-7�� � �

S4 = (a2b1 − a3b2 − a3b1 + a2b3)x1 + (a1a3 − a1a2)y1

+(a3b2 − a1b2 − a1b3 + a3b1)x2 + (a1a2 − a2a3)y2

+(a1b3 + a1b2 − a2b1 − a2b3)x3 + (a2a3 − a1a3)y3
� �-7�� � �

S5 = (a1a3 − a1a2)x1 + (a3b2 − a2b1 + a3b1 − a2b3)y1

+(a1a2 − a2a3)x2 + (a1b3 − a3b1 − a3b2 + a1b2)y2

+(a2a3 − a1a3)x3 + (a2b3 + a2b1 − a1b3 − a1b2)y3
� �-7�� ���

S6 =
[

(a3 − a1)y2 + (a1 − a2)y3

]

x1

+
[

(a2 − a3)x2 + (b2 − b1)y2 + (a2 − a3)x3 + (b1 − b3)y3

]

y1

+(a1 − a2)y3x2 +
[

(a3 − a1)x3 + (b3 − b2)y3

]

y2
� �-7�� � �
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• � IBGJAtINM X CFO[M P U OQPLM

T6 = S1 cos2 φ + S3 cos φ sinφ + S4 cos φ + S5 sinφ + S6
� �-7�� � �

S1 =
[

(a2a3 + b1b3 − b2b3 − a1a3)x2 + (a3b2 + a2b3 − a3b1 − a1b3)y2

+(a1a2 + b2b3 − b1b2 − a2a3)x3 + (a1b2 + a2b1 − a3b2 − a2b3)y3

]

x1

+
[

(a3b2 + a2b3 − a3b1 − a1b3)x2 + (b2b3 − a2a3 + a1a3 − b1b3)y2

+(a1b2 + a2b1 − a3b2 − a2b3)x3 + (a2a3 + b1b2 − a1a2 − b2b3)y3

]

y1

+
[

(a1a3 − b1b3 + b1b2 − a1a2)x3 + (a3b1 − a1b2 + a1b3 − a2b1)y3

]

x2

+
[

(a3b1 − a1b2 + a1b3 − a2b1)x3

+(b1b3 − b1b2 − a1a3 + a1a2)y3

]

y2
� �-7�� � �

S3 =
[

(a3b2 + a2b3 − a3b1 − a1b3)x2 + (b2b3 − a2a3 + a1a3 − b1b3)y2

+(a1b2 + a2b1 − a3b2 − a2b3)x3 + (a2a3 + b1b2 − a1a2 − b2b3)y3

]

x1

+
[

(b2b3 − a2a3 + a1a3 − b1b3)x2 + (a3b1 + a1b3 − a3b2 − a2b3)y2

+(a2a3 + b1b2 − a1a2 − b2b3)x3 + (a3b2 − a1b2 − a2b1 + a2b3)y3

]

y1

+
[

(a3b1 − a1b2 + a1b3 − a2b1)x3 + (b1b3 − b1b2 − a1a3 + a1a2)y3

]

x2

+
[

(b1b3 − b1b2 − a1a3 + a1a2)x3

+(a1b2 − a3b1 − a1b3 + a2b1)y3

]

y2
� �-7�� � �

S4 =
[

(a3b2 − a2b3)b1 + (b2 − b1)x2y3 +
(

(b1 − b3)x3 + (a3 − a2)y3

)

y2

]

x1

+
[

(a2b3 − a3b2)a1 +
(

(b3 − b2)x3 + (a1 − a3)y3

)

x2 + (a2 − a1)y2x3

]

y1

+(a1b3 − a3b1)b2x2 + (a3b1 − a1b3)a2y2

+(a2b1 − a1b2)b3x3 + (a1b2 − a2b1)a3y3
� �-7�� � �

S5 =
[

(a2b3 − a3b2)a1 + (a1 − a2)y3x2 +
(

(a3 − a1)x3 + (b3 − b2)y3

)

y2

]

x1

+
[

(a2b3 − a3b2)b1 +
(

(a2 − a3)x3 + (b1 − b3)y3

)

x2 + (b2 − b1)y2x3

]

y1

+(a3b1 − a1b3)a2x2 + (a3b1 − a1b3)b2y2

+(a1b2 − a2b1)a3x3 + (a1b2 − a2b1)b3y3
� �-7�� � �

S6 =
[

(a1a3 − a2a3)x2 + (a1b3 − a3b2)y2 + (a2a3 − a1a2)x3 + (a2b3 − a1b2)y3

]

x1

+
[

(a3b1 − a2b3)x2 + (b1b3 − b2b3)y2 + (a3b2 − a2b1)x3 + (b2b3 − b1b2)y3

]

y1

+
[

(a1a2 − a1a3)x3 + (a2b1 − a1b3)y3

]

x2

+
[

(a1b2 − a3b1)x3 + (b1b2 − b1b3)y3

]

y2
� �-7�� � �
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• η = 5

y = ax + b±
√
cx2 + dx+ e ����� I��

�
	����	
������������������	 �����!���#"��$�%	��'&)('	��+*��,	��-*��%	��.���/�0���'�)��	
&�$('�%*1�$���324	��5�/6 �&	7* 	��%��	8(�9:�;�'	
	 �����%2'�	���(�9<�'�'	#2��$&�$=4����	���(�9<�'�'	?>.@,2A	 &=4����	��,(B9:�'�;	C(;&���D��	7���E('	?(;	��5F-('&0���%�	�� � �
>��$* �'�
('	 �E('�%GA��&0	��.���H�I@,2A	 �E('	J�,�'�$('&��3�������'	J��=5��	����'�E('	J* 	 ��	J��������������K	��L�-2'&� �	��.���	M('	
NO� . ���J2'���;�C(;� �P�������%��	RQ-��9S�$�;�'	�F5	UT �

• η = 4

y = ax + b +
c

x+ d
�O���WV �

�
	����	X� �,�'�����%���J	��0�C* 	����%	Y(�9<�'�'	X>.@524	�&0=A�$��	X*�	 ���&� 	Z	 �
(−d,−dx+ b)

('���.�#�%	��#�������3[
������'�Z('	��-�$�L@,\]2;��$��	 �!��$���

x = −d 	 �
y = ax + b �_^ 9S�������;&	`(;	a*�	 �0��	a>.@,2A	 &=4����	

('� 2A	 �'(b(;	Z���E"��$�%	��'&#('�M*��,	��-*��%	��.�
c �?c �d�$�e���'\-��&0�$��	��4(;	UNO�$f ���Mg���&�������%&	��'��	 �C������[

�&	!�0	�* �	��'&0�X('�h2'�i���h('� j��;���k2���&k��	 �k('	��,Fl�$�L@5\-2;��$��	 ���m��	Z2'&	 \]�%	�&n� �P�����Y�$�5[I(;	���0�'�
('	X��9S�$�L@,\]2;��$��	Y�$='���%�,�;	Y	 �nQH('&���D��	Y('	X��9S�$�L@,\]2;��$��	k"$	�&L����*��$��	�����	 �?('	��5FM=;&��$�'*P>;	��C('	
��9:>.@,2A	 &=4����	#�0���.�7��D���'� 	��8(��$�'�o��	 �o�0	�* �	��'&0� I 	 � JZ��

c > 0
	��
(����'�
�%	��8�	�*���	 �'&� V 	 � N

�0�
c < 0 �8c � c = 0

�'*1�$�#�%��\-�%��	��5��9:>.@,24	�&=4���%	Y('��g�� �'p�&0	Z	 �J('	��5FM(;&���D��	��?�0	��%���J��	��#('	 �5F
�$�L@,\]2;��$��	 � �

• η = 3

y = ax2 + bx + c ����� J �
�
	����	#� �,�'�����%���]	 �0�8*�	 ���%	?(�9:�;�'	#2��$&���=A���%	7('���.�8�q9:�3F5	?('	#�0@,\-� �&��	#	 �0�82��$&�$���%p���	
QY�q9:�3F5	
Y

�����;��
a = 0

�'* 	����%	Y(�9<�'�'	X('&�$�%��	Y(;	U24	��.�	
b �

• η = 1

x = a �O��� N �
�
	����	X� �,�'�����%���e	 �0�C*�	 ���%	Y(�9:�;�'	X('&���D��	k"$	�&0���*��$��	 �
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	 � 
 L M 	-M0O�	1P

^ �!N ��&\-	Yg����;��&�����	Y(�9<�'�'	U�����$('&�����%�,�;	Y	��0�n�i�!�0�'�%"��$�.�	��

T1 x
2 + T2 y

2 + T3 xy + T4 x + T5 y + T6 = 0. �O��� K �
�k�`24	��;�8��&�$�'�0N �$&\-	�& *�	����	n��������������-	��]&	 g�&���;2��$�.�
(B9S�$=4��&0(`��	 � ��	�&0\]	 �o2'�$&o2;�'���0���$�'* 	

('	
y
�

T2y
2 + (T3x + T5)y + (T1x

2 + T4x+ T6) = 0. �O��� M �
�k� *P>'	�&0*P>'	E	��'�0�'�%�	!Q`�%����%	�&

y
��j�� (B9:��=5��	��;��&C�'�'	�N ��&0\]	U	�F52'�%��* �%��	��A* 	��%��	�[ *�� ('� 2A	 �'(h('	

�i��"��$�%	��'&?(;	��C*��,	��-*��%	��.���
Ti ��� ������&0	X*1�$�#��$���C24����0��='�%	�� �

I � ∀Ti 6= 0 � *��$�#g����;��&���� �
�k�J����%�;���%���'�'	 �O��� M � 2A���;&

y
�;����D�

y =
−(T3x+ T5) ±

√

(T3x + T5)2 − 4T2(T1x2 + T4x + T6)

2T2
,

2'�;���?���M��=;���	��.�#�'�;	U� ���������%���J('	X�i�!N ��&0\]	
η = 5

���0���%�

y = ax + b±
√
cx2 + dx+ e ����� P �

('�$���C�%	��?*��,	��-* ��	��.��n�0���.���

a = − T3

2T2

, b = − T5

2T2

, c =
T 2

3

4T 2
2

− T1

T2

,

d =
T3T5

2T 2
2

− T4

T2

, e =
T 2

5

4T 2
2

− T6

T2

.



���

V5� T2 = 0, T3 6= 0

�k�J���0����	
y

(��$�'� ���Z� M �

y = −T1x
2 + T4x+ T6

(T3x + T5)
,

2'�;���?���M��=;���	��.�#�'�;	U� ���������%���J('	X�i�!N ��&0\]	
η = 4

���0���%�

y = ax + b +
c

x+ d
�O��� Z �

('�$���C�%	��?*��,	��-* ��	��.��n�0���.���

a = −T1

T3
, b = −a d− T4

T3
,

c = −b d− T6

T3

, d =
T5

T3

.

R � � ".��$6� �9@F� - � / $ 	
c = 0

^ 9<>�@,24	�&0=A���%	X('��g�� �'p�&0	Z	 �e(;	��5FJ(;&���D��	��?�0	��%���e�%	��#�$�L@,\]2;��$��	 � �
� ���'�#*�	X*1�$� � �q9<�������������� �O��� K � 24	��5�n6���&0	U� *�&0�%��	Y�0���'�C�i��N ��&0\]	

A(y − B) = 0 ����� �.�
���

A = T3x+ T5 B = −ax− b

�
	����	-�������3�����$� 	 �0�U"���&0�%j�� 	]24���'&
y = B

	 �U2A�$�'&
A = 0

	 �U���_��=;���	��.�U('���;*]('	 �5F
('&0���%�	��?('�$���C�%	��?�������3�����$�'�#����.���

y = ax + b �O��� I��.�
x = −d �O��� I[I��

���J�%	��#*��,	��-*��%	��.���
a, b

	 �
d

�0���.�n* 	��5FM(;	U��9:� ���������%��� ����� Z � �



��I

J � T2 = T3 = 0, T5 6= 0

�k�J���0����	k@a('�$�'� ����� M �

y = −T1x
2 + T4x+ T6

T5
,

2'�;���?���M��=;���	��.�#�'�;	U� ���������%���J('	X�i�!N ��&0\]	
η = 3

���0���%�

y = ax2 + bx + c �O��� I V �
('�$���C�%	��?*��,	��-* ��	��.��n�0���.���

a = −T1

T5
, b = −T4

T5
, c = −T6

T5
.

N � T2 = T3 = T5 = 0

^ 9<�������������� ���Z� M � 	 �0�C&� ('�'�%�	UQ

T1x
2 + T4x+ T6 = 0.

• T1 6= 0
�k�J��&0���;"�	X�%	��#&��$* ���'	 �?2A�$�'&#��=;��	 �'��&?(;	��5FJ� ���������%���'�#('	X�i��N �$&\-	

η = 1
�'����D�

x = a1

	 �
x = a2 ���Z� I J �

� �

a1 =
−T4 +

√

T 2
4 − 4T1T6

2T1

,

a2 =
−T4 −

√

T 2
4 − 4T1T6

2T1

.

• T1 = 0
�k�M���0����	

x
2A�$�'&#��=;��	 �'��&
�'�'	U��������������J('	X�i��N �$&\-	

η = 1
�'����D�

x = −T6

T4
. ���Z� I N �
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c 	��%���E���kN ��&0\]	7	 F52'���%*��%�	 � ���'�'	�F5	 � � 	�� �i�R"��$��	 �'&/('	#�0	�� *��,	ks-*��%	��.��� ����	
�I@,24	C(;	?*P>��$���'	
�����$('&�����%���'	n	 �0�
��('	 ����%j��C	 �o�i�Y"��$��	 �'& *���&0&	 �24���'(��$�.�	k	��L�7���0��&0��='�'� 	R���`2��$&�$\-p ��&0	

t � ��	 7e

*��,	ks-* ��	��.�C('	X�q9<�������3�����$� �Ot5�3u �� �
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� ����* � �i�E�����L��	X('	 �R�	 2;�k(;�%GA��&	 �.���n�I@,24	��k(;	������$('&�����%���'	��R� "$	�*Z��	��C*1��&��$*�����&0���L�������'	 �R('	 �

�	 * ������'�#	 F;2;����* �%�	��#*���&0&	 �24���'(��$�.�	�� �4*�	 ���%	��L[ *���2;&� ",��	��;�'	��.�n('	Z���H('�%",���0�����a�0	��%���e�%	��?24�����.��
���%\]�D��	 ��*���&0&	 �24���'(��$�.�+�$�Z�I@,24	o(;	
�i�?�����$(;&���������'	$��*$9<	��L�0[ Q�[I('�%&	 �q9:�$�0@,\-2;������	 "�	 &0���%*1�$�%	 (�9:�;�'	
�����$('&�����%���'	n(;	nN ��&0\]	#	�F52'�%��* �%��	

η = 4
�$�`��	 �o&�$*��%�'	��8&� 	��%��	��8('	C�i�X*����;&=4	R���%\]�D�P����%"$	
(�9<�'�'	

�����$('&�����%���'	 (;	_N ��&0\]	l	 F;2;����* �%�	
η = 5 � ^ 	��e=A��&0�'	��M\-	��.���%���'�'� 	��M����.�e&	��������D"�	 �b�$�,F

�$='�0*��%��	 � ��� ���'&Z*P>��$���'	 �I@,24	$�/���JN ��&0\]	-	�F52'�%��* �%��	-(�9<��&�%g����;	-	 �0�!�$�'��0�
\-	��.���%���'�'� 	 � 	��.��&0	2��$&0	��.��>;p��	 � � �

• ����� T u � T �%����2;�	 � η = 5
�

V �	 * ������'�?j��;��	��

• ����� T V � � �$&���=A���%	Y��='�%�����'	Y���J>'��&0�
	 ���.�P�$�%	 � η = 5
�

V �	 * ������'�#('�$���C*P>���*��'�'	U24����0p�('	U�'�'	X�	 �'��	X=4��&�;	Xj'�'��	

• ����� T � � � �$&���=A���%	k"�	 &0���%*1�$�%	Y���M('&���D��	k�;���M"$	�&L����*��$��	 � η = 3, 4
�$�

5
�

u �	 * ������M���;j'�'��	

• ����� T�� ��C@,2A	 &=4����	8('���.�)��	 �)('	 �5F�='&��$�;*P>'	��)����.�/�;�'	7�$�,[I('	 ���;�+('	o�q9:�$�;��&0	��
η = 5

�
V �	 * ������'�#�%�;j��'�%	��

• ����� T t ��#@,2A	 &=4����	U�1"�	 *Z('�%�* ���.�������'�D���Y	 �
x
�
η = 5

�
�E�	 * ������'�#('�$���C*P>���*��'�'	U24����0p�('	U�'�'	X�	 �'��	X=4��&�;	Xj'�'��	

• ����� T�� ��#@,2A	 &=4����	U�1"�	 *��$�L@,\]2;��$��	k"$	�&L����*��$��	��
η = 4

�
V �	 * ������'�#('�$���C*P>���*��'�'	U24����0p�('	U�'�'	X�	 �'��	X=4��&�;	Xj'�'��	��'*�	 ����	 [I* ��	��L�R���0@,\]25���$������'	

• ����� T�� � (;&���D��	k"�	 &0���*1����	��
η = 1

���
4
�

u �	 * ������J"�	 &0���%*1�$�%	Y���;j'�'��	

� ���R� � ���'�#*�	 �0��	Z�$�'�'	 F5	$� �q9:�3F5	
Y

	��0�C�0�'2'24����X"�	 &0���%*1�$� �

�����
η = 5 → y = ax + b±

√
cx2 + dx + e

^! #"%$& ('*)+ -,/.0"1$3254#6�.
73"86:9;2 s 6:.
2:7%,+<�6�9 \-2 9()=,/2>'*2�$1?A@*)/ -7*6CB*2�<�2:7D)+ (.
<=9�7E'*$A6CB*9(.F?G'*2
<+. g 7*2 � ± HI'*2:J- (7K,ML02N)/ ('3.
6O -LQP ^R2N,TS 2 2U'WV�$*732N,/2�L0L
2X"1$* ('*)/ Y,/.
"%$*2�'*Z 2 2�7*'�'*2UL[V\ -L
L
$3)+2M'*2



v �

L  6:9�$*)=@ 2 "%$*2 )+2 2 )+Z:<+2�7K,+2�7K, L02�< ,/)=9�.
<�6�912 s 6�.02�7K,/< <+9($*< L
2�)/ -'*.
6� (L � 6�2 ,+,/2 '*2:)+7*. p )=2 2 2�$;, � ,/)=2
$*7*2 2  ()/ -@ 9�L02 9�$ $*7*2 '*)+9�.F,/2-P���2 ,+,/2 6�9�$*)=@ 2�� <+9(.0, cx2 + dx + e � <+2�)+ U 2'2 2�L0Z�2 L
 X6:9�$*)+@ 2
L
. \ .F,C -,+.0J(2 � L  X"%$& -'*)/ -,+.
"%$*2I7*2 <+2:)/ �'3Z j 7*.02 "%$*2 2 9�$*) L  2 L  g 2I'*2 x 9�� 6�2 ,+,+2 6�9�$3)+@ 2 2�< ,2 9�<+.F,/.0J(2(P

c;. c 6= 0 �%L  6�9($*)+@ 2 L
. \ .0,/ -,/.FJ�2 2�< , $37*2 2  ()/ (@ 9�L02 '*9�7K, L
2:< 6�919�)+'*9(7*7*Z�2:< '3$I<=9 \]\ 2:, <+9�7K,
(xs, ys) 2 , '*9�7K, L
2�< )+ (6�.07*2�< <=9�7K, r1 2 , r2 P

xs =
−d
2c

, ys = e− d2

4c

r1 =
−d
2c

−
∣

∣

∣

√
d2 − 4ce

2c

∣

∣

∣ , r2 =
−d
2c

+
∣

∣

∣

√
d2 − 4ce

2c

∣

∣

∣

c;. c = 0 �&L  6:9�$*)+@ 2 L
. \ .F,C -,+.0J�2 2�< , $*7*2 '*)+9(.0,/2�'32 2 2�7K,+2 d P

�
	��	��
c < 0

^! 6�9�$*)=@ 2�L0. \ .0,C Y,/.0J(2!2�<=,�$*732 2  ()/ (@ 9�L02 J�2:)+<�L
2 @& -<�'39�7K, L[V�9()+'*9�737*Z�2 '*$ <=9 \]\ 2:,!2:<=, 2 9�<+.F,/.0J(2(P
^! "1$* ('*)/ Y,/.
"%$*2 2:<=, '*9�7*6 $*732 2:L
L0. 2 <=2�'*Z j 73.
2�<+$3) x = [r1, r2] 2:, 6�2:7%,+)+Z:2 2:7 (xs, axs + b) P

�������������������! ��!"$#%�'&)(+*,�.-0/1"��2&�&3�$465!����78�9&8��4:5���;
� P�� P=<R2 6O (< 9�� ys ≤ 0 7 V�2:<=,?>+ A@I (.
<�)+2�736�9�7K,/)=Z 6� () L  "%$& ('3)/ -,+.
"%$*2�7*2 <+2:)/ (.F, 2  (< '*Z j 7*.
2-P

�
	��	CB
c = 0

<! 6�9�$3)+@ 2 L
.D@ .0,/ -,/.FJ�2 2�< , $*7*2 '*)=9�.0,+2 '*9�7K, L
 J( -L
2�$3) d '*2 L  2 2�7K,+2 '3ZFE&7*.0)/ L02 ,TS 2 2 '*2 L
 
"%$& ('*)+ -,/.0"%$*2(P

• d 6= 0

<! X6:9�$*)=@ 2IL
.D@ .0,/ -,/.FJ�2 2:<=, $37*2 '*)=9�.0,+2I'32 2 2�7K,/2 d "1$3.�6�)=9�.
<=2IL[V\ ?32I'*2�<  (@*<=6�.
<=<+2:< 2�7
r = −e/d P?<! "1$* ('*)/ Y,/.
"%$*2 2�< , '*9�736 $*732 2  ()+ (@ 9�L
2�' V� Y?;2�'*2 <=SG@ Z:,+)+.
2 9�@*L0.
"%$*2 '*ZFE*7*.
2
<=$*) x = [r,+∞ <+. d > 0 �*9�$M<=$*) x = −∞, r] <=. d < 0 P
�����H�����%�I������ ��J"0#��'&)(+*,��KL/M"��N&�&3�$4:5����!78�9&3�O4:5��=;



v t

• d = 0

<! 6�9($*)+@ 2 L
. @I.F,C -,+.0J(2 2�<=, $37*2�'*)+9(.0,/2 B*9�)=. 	 9(7%,/ (L
2 2:, L
 "%$& ('*)+ -,/.0"%$*2 2�< , '*9�7*6�6:9�7*< ,/. �
,+$*Z�2 '*2 '*2:$;? '*)+9(.0,/2:< '*2 2 2:7K,/2 a � $*7*2 <+2�$3L
2�'*)=9�.0,+2�<+. e = 0 H P
��� "�7��2���� ��J"'5!�!�� �5 ���G5�� 4:5����!78�9&3�O4:5��G� ���$&)(+*,���+;
� P\� P <R2 6O (<I9�� e < 0 7 V 2�<=, >+ A@I (.
< )=2�7*6:9�7K,/)+ZX6O () L  �"%$& ('*)+ -,/.0"%$*2�7*2 <+2:)/ (.F, 2  (<
'*Z E&7*.02(P

�
	��		�
c > 0

<! 6�9($*)+@ 2NL
. @I.F,C -,+.0J(2 2�< , $*7*2 2  ()/ (@ 9�L02 J(2�)+< L02XB* ($3, '*9(7%, L  �J( -L
2�$3) '*2NL[V�9()+'*9�737*Z�2X'*$
<+9A@ @ 2:, '*Z E&7*.0)/ L
2 ,TS 2 2 '32 L
 "1$* ('*)/ Y,/.
"%$*2-P

• ys < 0

<R2 <+9�@�@I2 , '*2IL
 2  ()/ -@ 9�L02 2�<=, <+.F,/$*Z <+9($*< L[V\ ?32 '*2:< x 2 , L
 M"%$& -'*)/ -,+.
"%$*2 2�< , '*9�736
$*732 BKS 2 2�)+@ 9�L02 '3ZFE&7*.02 <+$*) x = −∞, r1] 2:, x = [r2,+∞ P
�����H�����%�I������ ��J"0#��'&)(+*,��
L/M"��N&�&3�$4:5����!78�9&3�O4:5��=;

• ys = 0

<R2 <+9�@�@I2 , '*2 L  2  ()+ (@ 9(L
2�2�< , <=.0,+$*Z 2 ?3 (6:,+2�@ 2�7K, <=$*) LQV� Y?;2 '*2:< x 2:, L  "%$& ('*)+ -,/.0"1$32
2:<=,M'*9�736U6�9�7*< ,/.F,/$*Z:2 '32U'*2�$;?�'*)+9�.F,/2:< <�V .
7K,/2:)+<=2�6:,/ (7K, 2�7 (xs, axs + b) 2 ,M'*9�7K,ML
2:<
Z:"1$* -,/.09�7*< <+9�7K,

y = (a+
√
c)x + (b+

d

2
√
c
)

�� P u H
y = (a−

√
c)x+ (b− d

2
√
c
)

�� P��(H
��� "�7��2���� ��J"'��� 5�� 465!����78�9&8��4:5�� �����0&)(+*,���:;

• ys > 0

<R2 <+9A@ @ 2:, '*2 L  2  ()/ (@ 9�L02 2�< , <+.0,+$*Z  ($ � '*2:<+<+$3< '32 LQV� Y?;2 '*2�< x 2:, L
 N"%$& ('*)+ -,/.0"1$32
2:<=,�'*9(7*6 $*732 BKS 2 2�)=@ 9(L
2 6:2�7K,/)=Z�2 2:7 (xs, axs + b) '*9�7K, L
2�< '*2�$1?N@*)+ (7*6CB*2:<�<+9�7K, $*7*2
 ($ � '*2:<+<+$3< '*2 L[V\ ($;,/)+2�2 , 6�9�7K,/.07%$*2�< 2�7 x P
�����H�����%�I������ ��J"0#��'&)(+*,� _ /M"��N&�&3�$4:5����!78�9&3�O4:5��=;



v �
�����

η = 4 → y = ax + b + c
x+d

• c 6= 0

<! "%$& ('*)+ -,/.0"%$*2�2�< , $37*2�BKS 2 2�)=@ 9(L
2�6�2:7K,/)+Z:2 2�7 (−d,−dx+ b) 2 , '*9�7K, L
2:< Z�"%$& -,+.
9�7*<
'*2:< '*2�$;?X -<=SG@ 2 ,/9(,+2�<��&$37*2�J�2�) ,/.06O (L02 2 , $*7*2 9�@*L0.
"%$*2A�;<+9�7K,��

y = ax + b
�� P � H

x = −d �� P � H
�����H�����%�I������ ��J"0#��'&)(+*,���L/M"��N&�&3�$4:5����!78�9&3�O4:5��=;

• c = 0

�  -7*< 6:2 6� (<�� LQV B%S 2 2�)=@ 9�L02 '*Z���Z:7	��)=2 2:7 '*2:$;?>'*)+9�.F,/2:< <=2�L09�7>L02�<  (<=SG@ 2 ,/9-,/2�< � J(9�.
) L
 
<=2�6:,+.
9�7 � P3u H P��2:< '*2:$;?I'*)+9�.F,/2:< <=9�7K, '*9(7*6 '3ZFE&7*.02�< 2  () L
2�< Z�"%$& Y,/.
9(7*< �	� P � H 2:, �� P � H P
��� "�7��2���� ��J"'5!�!��465!����78�9&8��4:5����!�0& (:*,���
�N& 5J�������$&)(+*,��
I;

����
η = 3 → y = ax2 + bx + c

<! N"%$& ('*)+ -,/.0"1$32M4�,/)+9(.
< 6:9;2 s 6:.
2:7%,+< 2�< , 6�9�7K,/.07%$*2 2�7 x 2:, 2 2�$3, � ,/)=2 $*7*2 2  ()+ (@ 9(L
2 '39�7K,
LQV� Y?;2�'*2 <=SG@ Z:,+)+.
2 2:<=, J�2:)=,/.06O (LR9($ $37*2 '*)+9�.F,/2�'*2 2 2�7K,/2 b �&<+. a = 0 P

�������������������! ��!"$#%�'&)(+*,���
/1"��2&�&3�$465!����78�9&8��4:5���;

�����
η = 1 → x = a

<! "1$* ('*)/ Y,/.
"%$*2 4 $*7 6�912 s 6�.02�7K, 2�< , $*732 '3)+9�.F,/2 J�2:)=,+.
6O -L
2(P
�������������������! ��!"$#%�'&)(+*,��
�/1"��2&�&3�$465!����78�9&8��4:5���;



� ����� ��� �

� � � � �  � � ����� � � �� � � � ��� ��� � �

����� ��� ������� � � 

!#"%$&$'" (+*,*-"/.C" "/.aI,2P6;0%6P$'" 23(�V)L%$&q-GaA," A," 0X(+2;0%?,2 A,"<4 6P*E$'"%B'4D"<0%$&6;G5*-4 "%*@$&B'" A,"%?C. =@?9(5ACBD(+$&6;=@?-"<4 "/.ah
I,B&6PV)L<"<4b4DG5?-4 ] G5B&V)"J"/.CI,2P6;0%6P$'"�� `fG56PBb2^Q (+*,*-"/.C"���	/W

<R2 6� (L
6:$*LR'*2�< 2 9�.
7K,/< ' V .
7K,+2�)+<=2�6 ,/.
9(7X2:7%,+)+2 '*2�$;? "%$& -'*)/ -,+.
"%$*2:< '*Z 2 2:7*'�'32 L
 �
 9() @ 2 2 ? �2 L0.
6�.F,/2 '*2 6CB& (6:$*7*2 '*2 6:2�L0L
2�< � 6:.QPJ��B& (6:$*7*2�'32�< '3.� Z�)+2:7K,/2�< 6�9�@ @*.
7& -.
<+9(7*<R<+2:)/ '39�7*6  (7& (LFS;<=Z�2-P
<R2�< )/ (6:.
7*2:< )+Z�2:L
L02�< '*$ 2 9(L0S17���@ 2�9�@3,+2�7%$ � "%$& ('*)=.
"%$*2A�&6:$*@*.0"1$32 9�$M"%$& ('3)/ -,+.
"%$*2 H)�&<�V .
L S

 L
.
2:$:�&'*9�737*2�)=9�7K, L
2:<  (@*<+6:.
<=<+2�< '*2�< 2 9(.
7K,/< ' V .
7K,/2:)+<=2�6:,+.
9�7�� 9�7 <+$3@*<=,+.0,/$32�)/ 6CB& (6:$*7*2 '*2 6�2:<
 (@*<=6�.0<+<+2:<�'& -7*<�L[V�$*732 9($ LQV� ($3,+)+2 '*2:<�'*2:$;? Z�"%$& -,+.
9�73< '*2 '*Z 2  ()=, 2 9($*)�9�@3,/2:7*.
)�L02�< 9�)+'*9(7*7*Z�2:<
6�9()+)+2:< 2 9�7*'& -7%,+2�<:P

v �



v��

<R2�< "1$* -,/)=2 '3.� Z�)+2:7K,/2�< 
 9�)�@I2:< 2 ? 2 L0.
6�.F,/2:< ' V�$37*2 "%$& -'*)/ -,+.
"%$*2�<=9�7K, �

(1) η = 5, y = ax+ b±
√
cx2 + dx+ e

(2) η = 4, y = ax+ b+
c

x + d
(3) η = 3, y = a2x

2 + b2x + c2

(4) η = 1, x = x1

� 9�.
6:. LQV� (7& -L0S1<+2�'*2:< '*.� Z�)=2�7K,/2:< 6:9�@ @*.07& (.
<=9�7*<:P

• � u H  OJ�2:6 � u H
� 7 2  () , '32

y = a1x + b1 ±
√

c1x2 + d1x + e1 = a2x + b2 ±
√

c2x2 + d2x + e2,

9�7M.0<+9�L02�L
2�)/ -'*.
6� (LW'*2 '*)=9�.0,+2
(a1 − a2)x+ b1 − b2 ±

√

c1x2 + d1x + e1 = ±
√

c2x2 + d2x+ e2,

9�7MZ:L �:J(2  -$ 6� ()+)=Z '*2 2  ()=, 2 , ' V\ -$3,/)=2






[

(a1 − a2)x + (b1 − b2)
]2

+ c1x
2 + d1x + e1

±2
[

(a1 − a2)x+ (b1 − b2)
]√
c1x2 + d1x+ e1







= c2x
2 + d2x + e2,

9�7M.0<+9�L02�L
2�)/ -'*.
6� (LW2 , <=2�<�
  (6:,+2�$*)=<
[

(a1 − a2)x+ (b1 − b2)
]2

+ c1x
2 + d1x + e1 − (c2x

2 + d2x+ e2)

= ±2
√
c1x2 + d1x + e1

[

(a1 − a2)x+ (b1 − b2)
]

,

9�7MZ:L �:J(2  -$ 6� ()+)=Z 4 739�$3J�2� ($
{[

(a1 − a2)x + (b1 − b2)
]2

+ c1x
2 + d1x+ e1 − (c2x

2 + d2x + e2)
}2

= 4(c1x
2 + d1x+ e1)

[

(a1 − a2)x+ (b1 − b2)
]2
,

2 $3.
< 9�7 )+2 ��)+9�$ 2 2�L02�< ,/2:) @ 2�< 2 9($*) E&7& (L02�@ 2�7K, 9�@3,+2�7*.0) $*7*2 "%$& ('*)=.
"%$*2 2�7 x �



vCv

Ax4 +Bx3 + Cx2 +Dx + E = 0,
��� P3u H

A =
[

(a1 − a2)
2 − c1 − c2

]2 − 4c1c2,

B = 2(c1 − c2)(d1 − d2) − 2(a1 − a2)
2(d1 + d2)

+4
[

(a1 − a2)
3 + (a2 − a1)(c1 + c2)

]

(b1 − b2),

C = −2(b1 − b2)
2(c1 + c2) + 2

[

3(b1 − b2)
2 − e1 − e2

]

(a1 − a2)
2

+2(e1 − e2)(c1 − c2) + (d1 − d2)
2 − 4(a1 − a2)(b1 − b2)(d1 + d2),

D = 2(e1 − e2)(d1 − d2) + 4(a1 − a2)(b1 − b2)
[

(b1 − b2)
2 − e1 − e2

]

−2(d1 + d2)(b1 − b2)
2,

E =
[

(b1 − b2)
2 − e1 − e2

]2 − 4e1e2.

• � u H  OJ�2:6 � ��H
� 7 2  () , '32

y = a1x + b1 ±
√

c1x2 + d1x + e1 = a2x + b2 +
c2

x+ d2
,

9�7M.0<+9�L02�L
2�)/ -'*.
6� (LW2 , 9(7 Z:L � J�2  ($M6O ()=)+Z
±
√

c1x2 + d1x + e1 = (a2 − a1)x+ b2 − b1 +
c2

x+ d2
,

c1x
2 + d1x + e1 =

[

(a2 − a1)x+ b2 − b1 +
c2

x + d2

]2
,

2 $3.
< 9�7 )+2 ��)+9�$ 2 2�L02�< ,/2:) @ 2�< 2 9($*) E&7& (L02�@ 2�7K, 9�@3,+2�7*.0) $*7*2 "%$& ('*)=.
"%$*2 2�7 x �

Ax4 +Bx3 + Cx2 +Dx + E = 0,
��� P ��H

A = (a2 − a1)
2 − c1,

B = 2d2

[

(a2 − a1)
2 − c1

]

+ 2(a2 − a1)(b2 − b1) − d1,

C = 2d2

[

2(a2 − a1)(b2 − b1) − d1

]

+ d2
2

[

(a2 − a1)
2 − c1

]

+2c2(a2 − a1) + (b2 − b1)
2 − e1,

D = d2
2

[

2(a2 − a1)(b2 − b1) − d1

]

+ 2d2

[

(b2 − b1)
2 − e1

]



u����

+2c2
[

d2(a2 − a1) + b2 − b1
]

,

E = d2
2

[

(b2 − b1)
2 − e1

]

+ 2d2c2(b2 − b1) + c22.

• � u H  OJ�2:6 � � H
� 7 2  () , '32

y = a1x + b1 ±
√

c1x2 + d1x+ e1 = a2x
2 + b2x+ c2,

9�7M.0<+9�L02�L
2�)/ -'*.
6� (LW2 , 9(7 Z:L � J�2  ($M6O ()=)+Z
±
√

c1x2 + d1x + e1 = a2x
2 + (b2 − a1)x + c2 − b1,

c1x
2 + d1x+ e1 =

[

a2x
2 + (b2 − a1)x + c2 − b1

]2
,

2 $3.
< 9�7 )+2 ��)+9�$ 2 2�L02�< ,/2:) @ 2�< 2 9($*) E&7& (L02�@ 2�7K, 9�@3,+2�7*.0) $*7*2 "%$& ('*)=.
"%$*2 2�7 x �

Ax4 +Bx3 + Cx2 +Dx+ E = 0,
��� P � H

A = a2
2,

B = 2a2(b2 − a1),

C = (a1 − b2)
2 − c1 + 2a2(c2 − b1),

D = 2(a1 − b2)(b1 − c2) − d1,

E = (b1 − c2)
2 − e1.

• � ��H  OJ�2:6 � ��H
� 7 2  () , '32

y = a1x + b1 +
c1

x+ d1
= a2x + b2 +

c2
x + d2

,

9�7M'*.0<=,+)+.
@3$*2�L
2:< '3Z�7*9�@ .
7* -,/2:$*)+<
(a1x+ b1)(x+ d1)(x+ d2) + c1(x+ d2) = (a2x+ b2)(x+ d1)(x+ d2) + c2(x+ d1),

2 $3.
< 9�7 )+2 ��)+9�$ 2 2�L02�< ,/2:) @ 2�< 2 9($*) E&7& (L02�@ 2�7K, 9�@3,+2�7*.0) $*7*2 6�$3@*.
"%$*2 2�7 x �



u�� u

Ax3 +Bx2 + Cx+D = 0,
� � P � H

A = a1 − a2,

B = b1 − b2 + (a1 − a2)(d1 + d2),

C = (a1 − a2)d1d2 + (b1 − b2)(d1 + d2) + c1 − c2,

D = (b1 − b2)d1d2 + c1d2 − c2d1.

• � ��H  OJ�2:6 � � H
� 7 2  () , '32

y = a1x+ b1 +
c1

x + d1
= a2x

2 + b2x+ c2,

9�7M'*.0<=,+)+.
@3$*2�L
2�'*Z:7*9�@ .
7& Y,/2�$3)
(a1x + b1)(x+ d1) + c1 = (a2x

2 + b2x+ c2)(x+ d1),

2 , 9(7 )=2���)=9�$ 2 2 L
2�< ,+2�)�@I2:< 2 9�$*) E*7& (L
2F@I2:7K, 9�@3,/2:7*.
) $37*2 6�$*@*.0"%$*2 �

Ax3 +Bx2 + Cx+D = 0,
� � P t�H

A = −a2,

B = a1 − a2d1 − b2,

C = (a1 − b2)d1 + b1 − c2,

D = (b1 − c2)d1 + c1.



u�� �

• � � H  OJ�2:6 � � H
� 7 2  () , '32

y = a1x
2 + b1x + c1 = a2x

2 + b2x+ c2

2 , 9(7 )=2���)=9�$ 2 2 L
2�< ,+2�)�@I2:< 2 9�$*) 9(@3,/2:7*.
) $*732 "%$& -'*)/ -,+.
"%$*2 �

Ax2 +Bx + C = 0,
��� P � H

A = a1 − a2,

B = b1 − b2,

C = c1 − c2. ��� P � H
• � u H � � ��H�9�$ � � H  J(2�6 � � H

� 7�<+$*@*< ,/.F,/$*2 ,/9($3, <+. @ 2 L02�@ 2�7K, L02�<  (@*<=6�.
<=<+2:<I'*2ML
 �'3)+9�.F,/2 '*2 � � H '& (7*< LQV Z�"%$& Y,/.
9(7
2 ? 2 L
.
6:.0,+2 '32 � u H � � ��H 9�$ � � H  �E&7X' V�9(@3,/2:7*.
)F� <:V�.0L!2�7N2 ?3.0<=,+2A� L
2�< 9�)+'39�7*7*Z:2�< 6:9�)+)=2�< 2 9�7 �
'& -7%,+2�<:P

� P�� P <! )+2:6CB*2�)=6CB*2�' V .
7K,/2:)+<+2:6:,+.
9�7*<�2�7K,/)=2 '*2�$1? "%$& ('3)/ -,+.
"%$*2�<�'*2 
 9�)�@I2 2 ? 2 L0.
6:.0,/2 � � H �16(V 2�<=, �
4 � '*.
)=2 '*2�$1? '*)+9�.F,/2:< J�2�) ,/.06O (L02�<��&732 '39�.0, Z J1.
'*2F@ @ 2�7K, 2  (< � ,+)+2 2�7K,+)+2 2 )+.
<=2(P
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u�� �
� ��� � �������
	���	���������������������

� 7 2  ()=, '*$ <=S1< ,���@ 2 ' V�Z:"%$& -,/.09�7*< � � P u � H �3<=9�.0,

α1(A1 − x) + α2(A2 − x) + α3(A3 − x) + α4(A4 − x) + α5(A5 − x) = Fx,
��� P u H

α1(B1 − y) + α2(B2 − y) + α3(B3 − y) + α4(B4 − y) + α5(B5 − y) = Fy,
��� P���H

α1(C1 − z) + α2(C2 − z) + α3(C3 − z) + α4(C4 − z) + α5(C5 − z) = Fz,
��� P � H

α1(D1y + E1z + F1) + α2(D2y + E2z + F2) + α3(D3y + E3z + F3)

+α4(D4y + E4z + F4) + α5(D5y + E5z + F5) = τx,
��� P � H

α1(G1y +H1z + I1) + α2(G2y +H2z + I2) + α3(G3y +H3z + I3)

+α4(G4y +H4z + I4) + α5(G5y +H5z + I5) = τy,
��� P8t�H

α1(J1y +K1z + L1) + α2(J2y +K2z + L2) + α3(J3y +K3z + L3)

+α4(J4y +K4z + L4) + α5(J5y +K5z + L5) = τz.
��� P � H

� 7 )+Z�<=9�$*' L02 <=S1< ,���@ 2 6:9�7*<=,+.0,+$*Z '*2 6:.
7*" '*2:< Z�"%$& -,+.
9�73< 2 )=Z�6�Z:'*2�7K,+2�< 2 $*.
< 9�7 <=$*@*<=,+.0,+$*2
L
2:< α1 4 α5  -.
7*<=.R9�@3,/2:7%$*< '& -7*< L[V�Z:"%$& -,/.09�7M)+2:<=,C -7%,+2(P � 7 )+2 ��)+9($ 2 2 2�73<+$*.F,/2 L
2�< ,+2�) @ 2�< 2  -)2 $*.0<+<+ (7*6�2 '*2 x, y 2:, z P

� ��� �! 
�#"$������� 	#���%���&���(' 	*)+�� 
�#�����&,�-� . /0�&�1 /�2�,#�����3�����#�

��" 45�$76 �98����#���"$�&�

T1x
3 + T2y

3 + T3z
3 + T4x

2y + T5x
2z + T6xy

2 + T7xz
2

+T8y
2z + T9yz

2 + T10xyz + T11x
2 + T12y

2 + T13z
2

+T14xy + T15xz + T16yz + T17x+ T18y + T19z + T20 = 0
��� P � H

<R2�<�6�912 s 6�.02�7K,/< T1 4 T20 <=9�7K, @  (.07K,/2�7* (7K, 2 )+Z:<+2�7K,+Z�< �;6CB& (6:$*7 ' V 2�$1? 2�< , '3Z:J�2:L
9 2;2 Z <+9($*<

 9�)�@I2�' V $*7*2 <=9�@ @I -,+.
9�7 '* (7*< L  ("%$*2:L
L02



u��,t

∈ijklm=



















0 <=.R'*2�$1? '*2�< .
73'*.
6:2�< <+9�7K, Z��� ($;? ;
1 <=. ijklm 2:<=, $*7*2 2 2�)�@ $3,C Y,/.
9(7 2  (.
)=2�'*2 1, 2, 3, 4, 5;

−1 <=. ijklm 2:<=, $*7*2 2 2�)�@ $3,C Y,/.
9(7 .D@ 2  (.
)=2 '*2 1, 2, 3, 4, 5.

� 9�$3)IL02�< ,/2:) @ 2�< 7*2M6�9�@ 2 9�)=,/ (7K, "1$32X"%$& -,+)+2M6�912 s 6:.
2�7K,+<�� 9�7�<+$ 2'2 9(<+2 LQV .
7*'*.06�2 @I (7 �
"%$& (7K, 4 L
 E&7 P��  () 2 ?;2F@ 2 L02A� 2 9�$3) L
2 ,/2�)�@I2 ABCD �;9�7 .D@I ��.07*2 AiBjCkDlXm 9�� X 2�< ,
$*7 6�912 s 6�.02�7K, .D@I ��.07& (.
)=2 2 , m 2:<=, LQV .
7*'*.06�2 @I (7*"%$& -7%,�P

• �  (6 ,/2:$*)+< '*2 x3

T1 =
5
∑

i,j,k,l,m=1

∈ijklm











−(JiGjCkFl) Fy

+(JiGjBkFl) Fz

−(JiGjBkCl) τx











���:W�� 	

• �  (6 ,/2:$*)+< '*2 y3

T2 =
5
∑

i,j,k,l,m=1

∈ijklm











(DiKjCkIl) Fx

−(AiDjKkIl) Fz

+(AiDjKkCl) τy
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• �  (6 ,/2:$*)+< '*2 z3

T3 =
5
∑

i,j,k,l,m=1

∈ijklm











−(BiLjHkEl) Fx

+(AiLjHkEl) Fy

−(AiBjHkEl) τz
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• �  (6 ,/2:$*)+< '*2 x2y

T4 =
5
∑

i,j,k,l,m=1

∈ijklm









































(JiGjDkBlCm + JiGjCkFl) Fx

+





GiKjCkFl + JiDjCkIl

+GiDjLkCl + JiGjAkDlCm



Fy

+





GiBjKkFl + GiDjBkLl − JiDjBkIl

−JiGjAkFl − JiGjAkDlBm



Fz

+(JiGjAkCl − GiBjKkCl) τx

−(JiBjDkCl) τy

−(GiDjBkCl) τz
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• �  (6 ,/2:$*)+< '*2 x2z

T5 =
5
∑

i,j,k,l,m=1

∈ijklm









































(JiGjBkClEm − JiGjBkFl) Fx

+





JiCjIkEl + GiLjCkEl − JiAjGkFl

+JiCjHkFl − JiGjAkClEm



Fy

+





GiBjLkEl − JiBjIkEl

−JiBjHkFl + JiGjAkBlEm



Fz

+(JiAjGkBl − JiBjCkHl) τx

+(JiBjCkEl) τy

−(GiBjCkEl) τz
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• �  (6 ,/2:$*)+< '*2 xy2

T6 =
5
∑

i,j,k,l,m=1

∈ijklm









































−




GiKjCkFl + GiDjLkCl

+JiDjCkIl + GiDjBkKlCm



Fx

+(AiGjDkKlCm − DiKjCkIl) Fy

+





AiGjKkFl − DiBjKkIl − JiAjDkIl

−AiGjDkLl − AiGjBkDlKm



Fz

+(GiAjKkCl) τx

+(JiAjDkCl + DiBjKkCl) τy

+(AiGjDkCl) τz
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• �  (6 ,/2:$*)+< '*2 xz2

T7 =
5
∑

i,j,k,l,m=1

∈ijklm









































+





JiBjIkEl − GiBjLkEl

+JiBjHkFl + JiBjCkHlEm



Fx

+





GiAjLkEl − JiAjHkFl − JiAjIkEl

+LiCjHkEl − JiAjCkHlEm



Fy

+(JiAjBkHlEm + BiLjHkEl) Fz

−(JiAjBkHl) τx

+(JiAjBkEl) τy

+(AiGjBkEl − BiCjHkEl) τz
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• �  (6 ,/2:$*)+< '*2 y2z

T8 =
5
∑

i,j,k,l,m=1

∈ijklm









































+





DiLjCkHl − KiCjIkEl − KiCjHkFl

−BiDjKkIl + BiDjKkClHm



Fx

+(AiDjKkIl − AiDjKkClHm) Fy

−




AiKjIkEl + AiDjLkHl

+AiKjHkFl + AiDjBkKlHm



Fz

−(AiKjCkHl) τx

+(AiKjCkEl − AiBjDkKl) τy

+(AiDjCkHl) τz









































���:W�� � 	

• �  (6 ,/2:$*)+< '*2 yz2

T9 =
5
∑

i,j,k,l,m=1

∈ijklm









































−




BiKjIkEl + LiCjHkEl + BiDjLkHl

+BiKjHkFl + BiKjCkHlEm



Fx

+





AiKjIkEl + AiDjLkHl

+AiKjHkFl + AiKjCkHlEm



Fy

+(AiBjKkHlEm − AiLjHkEl) Fz

−(AiBjKkHl) τx

+(AiBjKkEl) τy

+(AiCjHkEl − AiDjBkHl) τz
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• �  (6 ,/2:$*)+< '*2 xyz

T10 =
5
∑

i,j,k,l,m=1

∈ijklm

































































+











JiDjBkIl − JiCjHkFl − JiCjIkEl

+GiBjDkLl − GiBjKkFl − JiLjCkEl

+GiBjHkClEm − JiDjBkClHm











Fx

+











JiAjDkIl + KiCjHkFl + KiCjIkEl

+AiGjDkLl − AiGjKkFl − DiLjCkHl

−GiAjKkClEm − JiAjDkClHm











Fy

+











BiKjIkEl + JiAjHkFl + JiAjIkEl

+BiKjHkFl − DiBjLkHl − GiAjLkEl

+JiAjDkBlHm − GiAjBkKlEm











Fz

+(JiAjCkHl + GiAjBkKl + BiKjCkHl) τx

+(JiAjBkDl − JiAjCkEl − BiKjCkEl) τy

+(AiGjBkDl − AiGjCkEl − BiDjCkHl) τz
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• �  (6 ,/2:$*)+< '*2 x2

T11 =
5
∑

i,j,k,l,m=1

∈ijklm





























+(JiGjBkClFm) Fx

+(GiLjCkFl + JiCjIkFl − JiGjAkClFm)Fy

+(GiBjLkFl − JiBjIkFl + JiGjAkBlFm)Fz

−(JiGjAkBlCm + JiBjCkIl + GiBjLkCl) τx

+(JiBjCkFl) τy

−(GiBjCkFl) τz
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• �  (6 ,/2:$*)+< '*2 y2

T12 =
5
∑

i,j,k,l,m=1

∈ijklm





























+(DiLjCkIl − KiCjIkFl + BiDjKkClIm)Fx

−(AiDjKkClIm) Fy

+(AiBjDkKlIm − AiKjIkFl − AiDjLkIl)Fz

−(AiKjCkIl) τx

+(AiKjCkFl + AiDjLkCl + AiDjBkKlCm) τy

+(AiDjCkIl) τz
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• �  (6 ,/2:$*)+< '*2 z2

T13 =
5
∑

i,j,k,l,m=1

∈ijklm





























−(BiLjIkEl + BiLjHkFl + BiLjCkHlEm) Fx

+(AiLjIkEl + AiLjHkFl + AiLjCkHlEm) Fy

+(AiBjLkHlEm) Fz

−(AiBjLkHl) τx

+(AiBjLkEl) τy

−(AiBjIkEl + AiBjHkFl + AiBjCkHlEm) τz
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• �  (6 ,/2:$*)+< '*2 xy

T14 =
5
∑

i,j,k,l,m=1

∈ijklm





















































+





GiBjKkClFm − JiCjIkFl − GiLjCkFl

+JiBjDkClIm − GiDjBkLlCm



Fx

+





KiCjIkFl − DiLjCkIl − GiAjKkClFm

−JiAjDkClIm − GiAjDkLlCm



Fy

+











BiKjIkFl − GiAjLkFl − DiBjLkIl

+GiAjBkDlLm + JiAjIkFl

+JiAjDkBlIm − GiAjBkKlFm











Fz

+(JiAjCkIl + GiAjLkCl + GiAjBkKlCm + BiKjCkIl) τx

−(JiAjDkBlCm + JiAjCkFl + BiKjCkFl + BiDjLkCl) τy

+(GiAjDkBlCm + GiAjCkFl + DiBjCkIl) τz
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• �  (6 ,/2:$*)+< '*2 xz

T15 =
5
∑

i,j,k,l,m=1

∈ijklm





















































+





GiBjLkClEm + JiBjIkFl − GiBjLkFl

+JiBjCkHlFm + JiBjCkIlEm



Fx

+











GiAjLkFl − JiAjIkFl + LiCjHkFl

−GiAjLkClEm + LiCjIkEl

−JiAjCkHlFm − JiAjCkIlEm











Fy

+





BiLjHkFl + BiLjIkEl − GiAjBkLlEm

+JiAjBkIlEm + JiAjBkHlFm



Fz

+(GiAjBkLl − JiAjBkIl + JiAjBkClHm + BiLjCkHl) τx

+(JiAjBkFl − JiAjBkClEm − BiLjCkEl) τy

+(GiAjBkClEm − GiAjBkFl − BiCjIkEl − BiCjHkFl) τz
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• �  (6 ,/2:$*)+< '*2 yz

T16 =
5
∑

i,j,k,l,m=1

∈ijklm





















































+











DiBjLkIl − BiKjIkFl − LiCjHkFl

−DiBjLkClHm − LiCjIkEl

−BiKjCkHlFm − BiKjCkIlEm











Fx

+





AiKjIkFl + AiDjLkIl − AiDjLkClHm

+AiKjCkHlFm + AiKjCkIlEm



Fy

+





AiBjKkHlFm − AiLjHkFl − AiLjIkEl

+AiBjKkIlEm − AiDjBkLlHm



Fz

+(AiBjKkClHm − AiLjCkHl − AiBjKkIl) τx

+(AiBjKkFl − AiBjDkLl − AiBjKkClEm + AiLjCkEl) τy

+(AiCjHkFl + AiCjIkEl + AiBjDkIl − AiBjDkClHm) τz
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• �  (6 ,/2:$*)+< '*2 x

T17 =
5
∑

i,j,k,l,m=1

∈ijklm





























+(GiBjLkClFm + JiBjCkIlFm) Fx

+(LiCjIkFl − JiAjCkIlFm − GiAjLkClFm) Fy

+(JiAjBkIlFm − GiAjBkLlFm + BiLjIkFl) Fz

+(JiAjBkClIm + GiAjBkLlCm + BiLjCkIl) τx

−(JiAjBkClFm + BiLjCkFl) τy

+(GiAjBkClFm − BiCjIkFl) τz
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• �  (6 ,/2:$*)+< '*2 y

T18 =
5
∑

i,j,k,l,m=1

∈ijklm





























+(BiDjLkClIm − LiCjIkFl − BiKjCkIlFm) Fx

+(AiKjCkIlFm − AiDjLkClIm) Fy

+(AiBjKkIlFm + AiBjDkLlIm − AiLjIkFl) Fz

+(AiBjKkClIm − AiLjCkIl) τx

+(AiLjCkFl − AiBjKkClFm − AiBjDkLlCm) τy

+(AiCjIkFl − AiBjDkClIm) τz
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• �  (6 ,/2:$*)+< '*2 z

T19 =
5
∑

i,j,k,l,m=1

∈ijklm





























−(BiLjIkFl + BiLjCkHlFm + BiLjCkIlEm) Fx

+(AiLjIkFl + AiLjCkHlFm + AiLjCkIlEm) Fy

+(AiBjLkHlFm + AiBjLkIlEm) Fz

+(AiBjLkClHm − AiBjLkIl) τx

+(AiBjLkFl − AiBjLkClEm) τy

−(AiBjIkFl + AiBjCkIlEm + AiBjCkHlFm) τz
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• ��2�)�@I2:< 6�9�7*< ,C (7K,+<

T20 =
5
∑

i,j,k,l,m=1

∈ijklm











−(BiLjCkIlFm) Fx + (AiLjCkIlFm) Fy

+(AiBjLkIlFm) Fz + (AiBjLkClIm) τx

−(AiBjLkClFm) τy − (AiBjCkIlFm) τz
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